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Abst rac t  
Second-order effects upon t h e  wave systems associated with 
bod ies  in  un i fo rm supe r son ic  f l i gh t  are considered.  An appropri-  
a te  sca l ing  of  the  independent  var iab les  i s  i n t r o d u c e d  t o  t a k e  
in to  accoun t  t he  loca l ly  small, bu t  cumula t ive ,  non l inea r i t i e s  
which undermine the val idi ty  of  the classical p e r t u r b a t i o n  t h e o r i e s  
a t  large dis tances  f rom the body.  
t h e  body ( the  wave s t r u c t u r e  s o l u t i o n )  is u n i f o r m l y  v a l i d  t o  t h e  
body su r face ,  and the boundary condi t ions may b e  a p p l i e d  d i r e c t l y .  
For  th i s  case ,  the  s imple  wave r e s u l t s  o f  F r i e d r i c h s  as co r rec t ed  
and extended by Lighthi l l  are confirmed, with a minor  cor rec t ion  
n o t e d  f o r  t h e  l o c a t i o n  o f  t h e  rear shock a t  ve ry  g rea t  d i s t ances  
from the  body. I t  i s  no ted  tha t  effects l o c a l l y  o f  t h i r d  o r d e r  
mus t  be  t aken  in to  accoun t  beh ind  the  t r a i l i ng  shocks  to  g ive  p rope r  
g l o b a l  i n t e g r a l s  r e l a t i n g  t o  t h e  l i f t  and drag  of  t h e  a i r f o i l  sec- 
t i o n  and to  de t e rmine  the  pos i t i ons  o f  t he  t r a i l i ng  shocks  to  second  
order .  
For  f lows  about  f in i te  bodies ,  the  wave s t r u c t u r e  s o l u t i o n  must 
be  matched with a q u a s i - c y l i n d r i c a l ,  l o c a l  s o l u t i o n  t o  p r o v i d e  t h e  
inne r   boundary   cond i t ion .   Th i s   p rocedure   g ives   r i s e   t o   an   i n t e r -  
mediate   (or   one-and-one-half-order)   solut ion  which  corres2onds  to  
t h e  f i r s t - o r d e r  s o l u t i o n  o v e r  a s l igh t ly  modi f ied  body.  In  these  
two wave s t r u c t u r e  s o l u t i o n s ,  t h e  a z i m u t h a l  a n g l e  e n t e r s  o n l y  as a 
parameter ,  and the  f low in  each  az imutha l  p lane  may be thought of 
as tha t  abou t  some equ iva len t  body  of  revolution. Dependence  upon 
azimuthal angle does arise i n  t h e  t r u e  s e c o n d - o r d e r  wave s t r u c t u r e  
s o l u t i o n .  The comple t e  gene ra l  so lu t ion  has  been  found  fo r  t h i s  
second-order  equat ion ,  bu t  the  th i rd-order  loca l  so lu t ion  i s  r equ i r ed  
t o  e f f e c t  t h e  m a t c h i n g  which determines the inner boundary condition. 
For  f lows over  bodies  whose su r faces  l i e  eve rywhere  nea r  an  ax i s  
a l i g n e d  t o  t h e  f l o w ,  an addi t ional  matching i s  requi red  wi th  a so lu-  
t i o n  v a l i d  n e a r  t h e  body. s u r f a c e  t o  d e t e r m i n e  t h e  l o c a l  s o l u t i o n .  
This s lender -body so lu t ion  i s  a l s o  r e q u i r e d  t o  t h i r d  o r d e r  t o  de- 
te rmine  the  wave s t r u c t u r e  s o l u t i o n  t o  s e c o n d  o r d e r .  The lack  of 
a loca l  s econd-o rde r  t heo ry  o f  su f f i c i en t  gene ra l i t y  is the  major  
h u r d l e  i n  d e t e r m i n i n g  t h e  wave s t ruc tu re  so lu t ion .  Loca l  t h i rd -o rde r  
s o l u t i o n s  c a n  p r e s e n t l y  b e  o b t a i n e d  f o r  o n l y  t h e  s i m p l e s t  c o n i c a l  
geometr ies .  
Pred ic ted  shock  angles  for  the  f low over  s lender  wedges (planar  
flow)  and  cones  (axisymmetric  flow) are compared wi th  exac t  i nv i sc id  
c a l c u l a t i o n s  t o  show t h e  improvement a f forded  by  inc lus ion  of  second- 
order  effects .  I n c l u s i o n  o f  t h e  f u l l  s e c o n d - o r d e r  s o l u t i o n  i s  re- 
q u i r e d  t o  a c h i e v e  a p p r e c i a b l e  improvement o v e r  t h e  f i r s t - o r d e r  t h e o r y  
€or  the  conica l  case. 
For p l a n a r  f l o w s ,  t h e  s o l u t i o n  v a l i d  a t  l a rge  d i s t ances  from 
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Chapter One 
The In t roduct ion  
l . A .  General   Introduct ion 
The p r e s e n t  t r e a t i s e  i s  concerned with the mathematical  descr ip-  
t i o n  o f  t h e  wave systems which emanate from bodies i n  s u p e r s o n i c  
f l i g h t ,  a n d ,  i n  p a r t i c u l a r ,  t h e  b e h a v i o r  o f  t h e s e  s y s t e m s  a t  l a rge  
d i s t ances  from t h e  body. A pe r tu rba t ion  theo ry ,  which  includes ac- 
count  of  essent ia l  cumula t ive  nonl inear i t ies ,  i s  cons idered ,  accura te  
to  te rms  of  second order .  
cu l a t ion  o f  son ic  boom overpressures,  where we a r e  i n t e r e s t e d  i n  p r e -  
d i c t i n g  t h e  effects of  a h igh  f ly ing ,  supe r son ic  a i rc raf t  i n  t h e  v i -  
c in i ty  o f  t he  g round .  I t  is a l s o  o f  t h e o r e t i c a l  i n t e r e s t  as it i l l u s -  
trates techniques useful  in  solving problems of  weakly nonl inear  wave 
propagat ion.  For ,  w h i l e   t h e   c l a s s i c a l   l i n e a r i z e d   t h e o r i e s   o f   s u p e r -  
sonic aerodynamics are p e r f e c t l y  a d e q u a t e  f o r  t h e  p r e d i c t i o n  o f  d i s -  
tu rbances  near  the  body  (and e s p e c i a l l y  s u r f a c e  p r e s s u r e s ) ,  t h e  f a i l u r e  
o f  t h e s e  t h e o r i e s  a t  l a rge  d i s t ances  from t h e  body has long been recog- 
nized, and a co r rec t  t heo ry  must i n  some way account  for  cumulat ive 
n o n l i n e a r i t y  w i t h i n  t h e  wave system. 
The equat ions  of  s teady ,  compress ib le  f lu id  f low are inhe ren t ly  
nonl inear ,  even when t h e  s i m p l i f i c a t i o n s  o f  n e g l i g i b l e  v i s c o s i t y  and 
i r r o t a t i o z a l i t y  are used. The mathematical   t reatment   of   nonl inear  
equat ions is  s t i l l  l a r g e l y  r e s t r i c t e d  t o  e s p e c i a l l y  s i m p l e  c a s e s ,  and 
the  complexi ty  of  the  f lu id  f low equat ions  prec ludes  t rea tment  in  any 
gene ra l i t y  wi thou t  add i t iona l  a s sumpt ions  to  p rov ide  fu r the r  s impl i -  
f i c a t i o n .  
Perhaps the most u s e f u l  s i m p l i f i c a t i o n  -- a t  l e a s t  f o r  t h e  c a s e  
of supersonic aerodynamics - -  i s  t o  c o n s i d e r  t h a t  the flow i s  every- 
where a small p e r t u r b a t i o n  upon some known f low f i e ld  (usua l ly  un i -  
form). The nonlinear problem i s  then broken up i n t o  a h i e ra rchy  of 
s impler  (of ten  l inear )  problems,  and t h e  s o l u t i o n  may be  found as an 
asymptotic series, success ive  te rms  of  which  conta in  fac tors  of  h igher  
o r d e r  i n  t h e  p e r t u r b a t i o n  p a r a m e t e r .  
sonic  aerodynamics yields  the scalar wave e q u a t i o n  f o r  t h e  v e l o c i t y  
p o t e n t i a l ,  t o  b e  s o l v e d  s u b j e c t  t o  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s ,  as 
a first approximation.   Higher   approximations  a lso  sat isfy  the wave 
equa t ion ,  bu t  w i th  add i t iona l  nonhomogeneous terms which are known 
funct ions  of  the  lower-order  so lu t ions .  Thus ,  a h i e r a r c h y  o f  l i n e a r  
problems is s e t  up and may be  so lved  to  any  degree  of accuracy desired.  
S ince  the  homogeneous par t  o f  each  equat ion  i s  always the scalar wave 
e q u a t i o n ,  t h e  c h a r a c t e r i s t i c s  are no t  r ev i sed  in  success ive  approx i -  
mations.  Higher approximations may then be thought  of  as g iv ing  suc-  
ces s ive  terms i n  the  Tay lo r  series expansion of t h e  e x a c t  s o l u t i o n  
abou t   t he   l i nea r i zed   ( f r ees t r eam)   cha rac t e r i s t i c s  (Van Dyke (1952)). 
Such a problem i s  o f  p r a c t i c a l  i n t e r e s t  as it relates  t o  t h e  cal- 
. The classical  approach t o  p e r t u r b a t i o n  t h e o r y  f o r  s t e a d y  s u p e r -  
Such a scheme has  been  ex t r eme ly  use fu l  fo r  p red ic t ing  d i s tu r -  
bances near  bodies  immersed i n  s u p e r s o n i c  streams, e s p e c i a l l y  f o r  
p r e d i c t i n g   s u r f a c e   p r e s s u r e s .  However, s i n c e   t h e   c h a r a c t e r i s t i c s  
are n o t  r e v i s e d  i n  h i g h e r - o r d e r  s o l u t i o n s ,  t h e  p r e d i c t i o n s  become 
i n c r e a s i n g l y  i n a c c u r a t e  as t h e  d i s t a n c e  from t h e  body i s  increased .  
Such behavior  is a resu l t  o f  the  "nonuni form va l id i ty"  of  the  l in -  
e a r i z e d  s o l u t i o n .  1.e. , the  so lu t ion  obta ined  by  such  a scheme i s  
no t   equa l ly   accu ra t e  a t  a l l  d i s t ances  from the  body.   Physical ly ,  
t h i s  i s  due t o  t h e  fact  t h a t  t h e  a c t u a l  ( e x a c t )  c h a r a c t e r i s t i c s  and 
t h e  l i n e a r i z e d  ( f r e e s t r e a m )  c h a r a c t e r i s t i c s  are g e t t i n g  f a r t h e r  a p a r t  
as they  are followed away from t h e  body. This de f i c i ency  i s  s e r i o u s  
i f  we a re  conce rned  wi th  accu ra t e ly  desc r ib ing  the  f low f i e ld  a t  
large distances from the body, and i s  i n t e r e s t i n g  from a t h e o r e t i c a l  
viewpoint as it i l l u s t r a t e s  t h e  n a t u r e  o f  ( a t  least  one type  of )  non- 
l i n e a r i t y  which must be  accounted  for  to  achieve  uni formly  va l id  
s o l u t i o n s .  
from t h e  body may be  accoun ted  fo r  i n  two  ways. We cou ld  so lve  the  
pu re ly  l i nea r  p rob lem fo r  t he  so lu t ion  on t h e  l i n e a r i z e d  c h a r a c t e r -  
i s t ics  , and s imultaneously correct  the placement  of  these character-  
i s t i c s  i n  p h y s i c a l  s p a c e  due t o  t h e  p e r t u r b a t i o n s  of t h e  s o l u t i o n .  
O r ,  we may t r y  t o  r e s c a l e  t h e  i n d e p e n d e n t  v a r i a b l e s  of the problem 
i n  s u c h  a way as t o  b r i n g  t h e  e s s e n t i a l  ( o r  c u m u l a t i v e )  n o n l i n e a r i -  
t i es  in to   the   lower-order   p roblem.   Hopefu l ly ,   th i s   resca l ing  will 
a l so  p rov ide  some s i m p l i f i c a t i o n  i n  t h e  o t h e r  terms of  the  equat ion ,  
s o  t h a t  t h e  new equat ion  will be  ma themat i ca l ly  t r ac t ab le .  In  th i s  
second approach ,  the  f i r s t -order  equat ion  w i l l  be  nonl inear  (as it 
must be  to  ach ieve  ou r  goa l )  , b u t  h igher -order  equat ions  w i l l  aga in  
b e  l i n e a r .  
This  second  method w i l l  be  used here .  The spec i f ic  purpose  of  
t h e  p r e s e n t  t r e a t i s e  is  t o  d i s c u s - s  t h e  n a t u r e  o f  the second approxi- 
mat ion ,  or  the  second term i n  t h e  a s y m p t o t i c  s e r i e s  r e p r e s e n t a t i o n  
of t h e  p e r t u r b a t i o n  s o l u t i o n ,  v a l i d  u n i f o r m l y  t o  l a r g e  d i s t a n c e s  
from t h e  body. 
i t  may provide  increased  numer ica l  accuracy  for  so lu t ions  s imple  
enough to   be   ca l cu la t ed   ana ly t i ca l ly .   Bu t ,   s econd ly ,  and more i m -  
p o r t a n t l y ,  a s tudy  of  the  second-order  so lu t ion  is one way t o  v e r i f y  
t h e  u n i f o r m  v a l i d i t y  o f  t h e  f i r s t - o r d e r  s o l u t i o n ,  t h u s  showing t h a t  
t he  en t i r e  p rocedure  i s  indeed a r a t iona l  approx ima t ion  to  the  exac t  
s o l u t i o n  i n  some limit. Further ,   such a s t u d y  g i v e s  g r e a t e r  i n s i g h t  
i n t o  t h e  n a t u r e  o f  t h e  f irst  approximation, and provides limits on 
the  accuracy  of  tha t  theory .  
The e s s e n t i a l  n o n l i n e a r i t i e s  i n  t h e  s o l u t i o n  a t  l a r g e  d i s t a n c e s  
The purpose  of  such a second-order   theory i s  two-fold. First, 
1. B. Relevant   previous  researches 
The background of the l inear theory of supersonic aerodynamics 
is  w e l l  e s t a b l i s h e d  i n  t h e  l i t e r a t u r e  and textbooks, and will not  be  
d iscussed   here .   (See ,   e .g .  , Ward (1.955) o r   Heas l e t  and Lomax (1954)).  
He s o l v e d  t h e  p o t e n t i a l  e q u a t i o n  b y  i t e r a t i o n  ( i . e . ,  u s i n g  t h e  f irst-  
o r d e r  s o l u t i o n  t o  e v a l u a t e  q u a d r a t i c  t e r m s )  t o  o b t a i n  a second 
Local second-order effects  were considered by V a n  Dyke (1952). 
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approximation. He found  comple t e  pa r t i cu la r  i n t eg ra l s  fo r  t he  non- 
homogeneous terms i n  t h e  cases o f  p l ana r  and axisymmetric flows, thus 
reducing  the  second-order  problem to  an  equiva len t  f i r s t -order  prob-  
lem. H i s  so lu t ions  gave  marked  improvement f o r  t h e  c a l c u l a t i o n  o f  
s u r f a c e  p r e s s u r e s ,  b u t  were not  un i formly  va l id  a t  l a rge  d i s t ances  
from t h e  body. He r e c o g n i z e d  t h i s  fact ,  and  r ea l i zed  tha t  it was due 
t o  t h e  i n a b i l i t y  o f  t h e  t h e o r y  t o  r e v i s e  t h e  c h a r a c t e r i s t i c s  ' i n  s u c -  
cessive approximations.  
o rde r  and  un i fo rmly  va l id  to  l a rge  d i s t ances  fo r  t he  p l ana r  f low ove r  
wave. C o r r e c t i o n  o f  h i s  e x p r e s s i o n  f o r  t h e  s h o c k  s l o p e  i n  terms of 
t h e  p e r t u r b a t i o n  q u a n t i t i e s  on e i t h e r  s i d e  and inc lus ion  o f  effects 
due t o  t h e  b r o a d  t h i r d - o r d e r  waves beh ind  the  t r a i l i ng  shocks  (which 
have a cumulat ive effect  of  second order)  were discussed by Lighthi l l  
(1954). 
Whitham (1952)  r ende red  the  f i r s t -o rde r  so lu t ion  fo r  t he  f low 
over  s lender ,  ax isymmetr ic  bodies  uni formly  va l id  to  la rge  d is tances  
by app ly ing   t he   coord ina te   s t r a in ing   t echn ique  of L igh th i l l .   Th i s  
e s s e n t i a l l y  u s e s  t h e  l i n e a r  s o l u t i o n  t o  c o r r e c t  t h e  p l a c e m e n t  o f  t h e  
c h a r a c t e r i s t i c s  i n  t h e  p h y s i c a l  p l a n e .  
Hayes  (1954)  used the  method  of r e sca l ing  the  independen t  va r i -  
a b l e s  t o  o r d e r  terms accord ing  to  the i r  cumula t ive  ( ra ther  than  loca l )  
e f f e c t s  t o  o b t a i n  t h e  p r o p e r  form of  the  f i r s t -order  wave s t r u c t u r e  
f o r  more genera l   f lows .   For   f lows   about   f in i te   p lanar   sys tems,   the  
method r e l i e s  upon t h e  method of  ' tcoincident  s ignals"  of  Hayes  (1947) 
to  supp ly  the  appropr i a t e  boundary  cond i t ion  in  t e rms  of t he  l a rge -  
d i s t ance  a sympto t i c  behav io r  o f  t he  loca l  so lu t ion .  
Work cur ren t ly  in  progress  by  Landahl  e t  a l ,  (1968),  and some- 
what p a r a l l e l  t o  t h e  p r e s e n t  s t u d y ,  h a s  l o o k e d  b r i e f l y  a t  s e c o n d - o r d e r  
c o r r e c t i o n s  t o  t h e  wave s t ruc tu re  theo ry  o f  Hayes.  They  have  inde- 
pendent ly  noted the need for  an intermediate  homogeneous wave s t r u c -  
t u re  so lu t ion  fo r  f lows  abou t  f in i t e  sys t ems  (which we term  of  one- 
and-one-half  order) ,  which i s  determined by the local  second-order  
s o l u t i o n .   T h i s   r e s u l t  i s  used  to   support   the   need  for   experimental  
surveys  in  the  absence  of  a complete  second-order  local  theory.  
i s  e q u i v a l e n t  t o  t h e  s i n g u l a r  b e h a v i o r  o f  t h e  l i n e a r  s o l u t i o n  n e a r  
t he  Mach cone i n  problems of the   conica l   type .   This  is  because  the 
re levant  parameter  i s  t h e  r a t i o  o f  t h e  d i s t a n c e  a c h a r a c t e r i s t i c  h a s  
t r a v e l l e d  from t h e  body t o  t h e  a x i a l  d i s t a n c e  a l o n g  t h e  body  from 
which t h e  c h a r a c t e r i s t i c  s t a r t e d ,  and t h i s  r a t i o  becomes very  la rge  
f o r  waves nea r  t he  l ead ing  Mach cone. This nonuniformity may be rec- 
t i f i e d  u s i n g  e i t h e r  o f  t h e  two methods previously mentioned for  the 
wave s t ruc tu re   p rob lem.   L igh th i l l  (1949) a p p l i e d   t h e  method  of 
s t r a ined  coord ina te s  to  the  p rob lem to  de t e rmine  the  shock  wave po- 
s i t i o n  t o  f irst  o r d e r  ( i . e . ,  i t s  lowest-order  deviat ion from t h e  
f r ees t r eam Mach cone).  Broderick  (i949)  used a separate   expansion 
scheme v a l i d  n e a r  t h e  Mach cone ( e s s e n t i a l l y  t h e  method of matched 
a sympto t i c  expans ions )  t o  p rove  tha t  h i s  expres s ion  fo r  t he  second-  
o r d e r  s u r f a c e  p r e s s u r e  on a c i rcu lar  cone ,  der ived  wi thout  cons id-  
e ra t ion  o f  t he  shock ,  was c o r r e c t  t o  t h a t  o r d e r ,  and a l s o  v e r i f i e d  
F r i ed r i chs  (1948) f irst  ob ta ined  so lu t ions  accu ra t e  to  second  
. a i r f o i l s ,  u s i n g  t h e  fac t  t h a t  t h e  f l o w  is ( to   second  order )  a s imple 
The nonuni form va l id i ty  of t h e  l i n e a r  t h e o r y  a t  l a rge  d i s t ances  
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L i g h t h i l l ' s  e x p r e s s i o n  f o r  t h e  p o s i t i o n  o f  t h e  s h o c k  t o  first order .  
Bulakh  (1961), i n  t h e  S o v i e t  Union,  showed B r o d e r i c k ' s  r e s u l t  f o r  a 
g e n e r a l  c o n i c a l  f l o w ,  a n d  a g a i n  v e r i f i e d  L i g h t h i l l ' s  r e s u l t  f o r  t h e  
shock wave p o s i t i o n  t o  first o rde r .  
The c u r r e n t  work a l s o  b e a r s  a formal resemblence t o  t h e  s e c o n d -  
o rde r  t r anson ic  theo ry  cf Hayes (1966). The effects which e x e r t  a 
cumulat ive inf luence upon the  supe r son ic  wave system are l o c a l l y  i m -  
p o r t a n t   i n   t r a n s o n i c   f l o w s .   T h u s ,   t h e   s i m i l a r i t y   c o e f f i c i e n t s  of 
t h e  two t h e o r i e s  ( i n  t h e  s e n s e  o f  Van  Dyke (1958) as g i v i n g  t h e  form 
o f  t h e  s o l u t i o n )  are e s s e n t i a l l y  t h e  same. 
l . C .  General   nature  and s.coDe of Dresent   theorv 
The p r e s e n t  t reat ise  p resen t s  a p e r t u r b a t i o n  t h e o r y  f o r  s t e a d y ,  
inviscid supersonic  f lows which i s  u n i f o r m l y  v a l i d  t o  l a r g e  d i s t a n c e s  
from t h e  body of  in te res t .  The theory  i s  b a s i c a l l y  an  ex tens ion  to  
inc lude  second-order  e f fec ts  of  t h e  f i r s t - o r d e r  wave s t r u c t u r e  t h e o r y  
of Hayes (1954b) .  Uni form va l id i ty  of  the  so lu t lon  to  la rge  d is tances  
i s  obtained by rescal ing the independent  var iables  of  the problem such 
tha t  non l inea r  t e rms  are o rde red  acco rd ing  to  the i r  cumula t ive  ( r a the r  
t han   l oca l )  effects i n  an   ou te r ,   o r  wave s t r u c t u r e ,   r e g i o n .  The so lu-  
t i o n  s o  obta ined  i s  u n i f o r m l y  v a l i d  t o  t h e  body s u r f a c e  f o r  p l a n a r ,  
f l ows ,  bu t  t he  inne r  boundary  cond i t ion  fo r  f lows  abou t  f in i t e  sys t ems  
must be obtained by matching with an appropriate  local  solut ion.  
sample  solut ion.  The resu l t s   ob ta ined   conf i rm  those   o f   Fr iedr ichs  
(1948) ,  obtained by a c h a r a c t e r i s t i c s  method, as co r rec t ed  and  ampli- 
f i e d  by  Lighth i l l  (1954) ,  except  for  the  pos i t ion  of  the  rear  shock  a t  
g r e a t  d i s t a n c e s  from t h e  a i r f o i l ,  where t h e  L i g h t h i l l  r e s u l t  i s  i n  
e r r o r  ( s e e  Appendix B ) .  
For  the case of  f lows  about  f in i te  sys tems,  the  matching  wi th  the  
loca l  second-order  so lu t ion  revea ls  the  necess i ty  of  a one-and-one-half- 
o rder  wave s t r u c t u r e   s o l u t i o n ,   s a t i s f y i n g  homogeneous equat ions.   This  
co r re sponds  to  a f i r s t - o r d e r  s o l u t i o n  o v e r  a s l igh t ly  modi f ied  body.  
The t h i r d - o r d e r  l o c a l  s o l u t i o n  i s  r equ i r ed  to  ob ta in  the  second-o rde r  
wave s t r u c t u r e  s o l u t i o n .  The complete   general   solut ion  of   the  second-  
ordei. wave s t r u c t u r e  p r o b l e m  h a s  b e e n  f o u n d ,  b u t  d i f f i c u l t y  i n  o b t a i n -  
i ng  the  th i rd -o rde r  l oca l  so lu t ion  to  p rov ide  the  inne r  boundary  con- 
d i t i o n  p r e c l u d e s  c a l c u l a t i o n  o f  any examples (except the rather spe- 
c i a l i z e d  c a s e  o f  a r i g h t  c i r c u l a r  cone a t  ze ro  ang le  o f  a t t ack ) .  
In  the  fo l lowing  chapter ,  the  bas ic  equat ions  are developed,  and 
a b r i e f  d i scuss ion  o f  t he  sca l ing  o f  t he  wave s t r u c t u r e  r e g i o n  i s  i n -  
c luded .   Chap te r   Three   spec ia l i ze s   t he   ana lys i s   t o   p l ana r   f l ows .  The 
general  form of  the solut ion is  given,  as well as some s p e c i f i c  fea- 
tu re s   no ted  from the  sample  solut ion.  Flows abou t   f i n i t e   sys t ems   a r e  
t reated in  Chapter  Four ,  including the matching problem with the local  
s o l u t i o n .  The most   important   resul ts  are summarized i n  Chapter  Five,  
along  with some general . remarks on f u t u r e  r e s e a r c h e s .  Details .not 
e s s e n t i a l  t o  t h e  development of the text are inc luded  in  the  appendices .  
The complete theory of planar flows i s  presented ,  a long  wi th  a 
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Chapter Two 
The ~ ~ . . . .  Development  of  Basic  Equations 
2 . A .  Potent ia l   Equat ion  
A s  t h e  h e a d i n g  o f  t h i s  s e c t i o n  s u g g e s t s ,  we s h a l l  work almost 
exc lus ive ly  wi th  a v e l o c i t y  p o t e n t i a l .  T h i s  a l l o w s  u s  t o  d e s c r i b e  
t h e  v e c t o r  v e l o c i t y  f i e l d  b y  a s i n g l e  scalar equat ion ,  bu t  no t  wi th-  
o u t  t h e  loss o f  some genera l i ty .  That  such  a p o t e n t i a l  e x i s t s  d e -  
pends heavi ly  upon our assumption of small per turba t ions ,  and  par -  
t i c u l a r l y  t h a t  t h e r e  b e  n o  s t r o n g  s h o c k s  i n  t h e  f l o w .  F o r ,  w h i l e  
the f low i s  i n i t i a l l y  i r r o t a t i o n a l ,  and c o n s i d e r e d  t o  b e  i n v i s c i d ,  
we cannot  completely disregard the entropy increments  caused by 
shock waves, and it  i s  v o r t i c i t y  a r i s i n g  from t h e  v a r i a t i o n  i n  
s t r e n g t h  o f  t h e s e  d i s c o n t i n u i t i e s  t h a t  would even tua l ly  fo rce  us  
t o  abandon the  use  of  a v e l o c i t y  p o t e n t i a l  i f  we were i n t e r e s t e d  
i n  a theory more accura te  than  the  second order .  
I t  can be shown tha t ,  fo r  ou r  pu rposes ,  a v e l o c i t y  p o t e n t i a l  
e x i s t s  everywhere i n  t h e  f l o w  f i e l d  t o  t h e  r e q u i r e d  o r d e r  e x c e p t  
beh ind  the  t r a i l i ng  shocks ,  where entropy and velocity (pressure) 
per turba t ions   a re   o f   the  same orde r .  (See  Appendix A ) .  This  i s  
essent ia l ly  because  the  en t ropy  increment  a t  a weak shock wave i s  
o f  t h i r d  o r d e r  i n  t h e  s t r e n g t h  o f  t h e  wave,  and we are concerned 
wi th   on ly   second-order   e f fec ts .  We a r e  i n t e r e s t e d  i n  t h e  t h i r d -  
order  quant i t ies  behind  the  t ra i l ing  shocks  only  because  they  have  
a cumulative influence upon t h e  p o s i t i o n  of these shocks which i s  
of second order (See section 3 . C . ) .  
v i s c i d   f l u i d   f l o w .  The equat ions   o f   cont inui ty ,  momentum conser- 
v a t i o n ,  and i s en t ropy  fo r  such  a flow may be wri . t ten 
We cons ider  a steady,  homocompositional,  homoenergetic,  in- 
$. V S  = 0 
(2 .01)  
( 2 . 0 2 )  
( 2 . 0 3 )  
where e is t h e  f l u i d  d e n s i t y ,  e i s  t h e   v e c t o r   v e l o c i t y ,  'p i s  
t h e  p r e s s u r e ,  and s i s  the  spec i f i c  en t ropy .  
We form a modified continuity equation by converting the den- 
s i t y  g r a d i e n t  t o  a p res su re  g rad ien t ,  u s ing  the  cond i t ion  of i s en -  
t ropy  : 
(2.04) 
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where (L is t h e   a c o u s t i c   v e l o c i t y .  
momentum equat ion  (2.02)  y e i l d s  
Then, e l imina t ing  the  pressure  grad ien t  be tween th is  and  the  
(2.05) 
O r ,  i n t r o d u c i n g   t h e   v e l o c i t y   p o t e n t i a l ,  @ , such   t ha t  
- = v $ - ,  p. 
we have 
( 2 . 0 6 )  
( 2 . 0 7 )  
This  i s  the  fundamenta l  equat ion  for  a l l  s t e a d y ,  i r r o t a t i o n a l  
f lows. I t  i s  an   exac t   equa t ion ,   subjec t   on ly   to   the   requi rements  
of steadiness,  homocompositionali ty,  homoenergy, and  homoentropy. 
I t  i s ,  however ,  nonl inear  and  ex t remely  d i f f icu l t  to  t rea t  wi th  
any g e n e r a l i t y .  (Note t h a t  t h e  n o n l i n e a r i t y  ar ises  not  only  from 
the  r igh t -hand- s ide  o f  t he  above  equat ion ,  bu t  a l so  f rom the  fac t  
t h a t  az i s  a l s o  a f u n c t i o n   o f   t h e   p o t e n t i a l ,  ) . 
problem as one t h a t  i s  ma themat i ca l ly  t r ac t ab le .  A s tandard  tech-  
nique (and the one we s h a J l  u s e )  i s  t o  assume the f low ma>, be des-  
c r ibed  as everywhere a small p e r t u r b a t i o n  upon a uniform streaming 
motion.  This  al lows  us  not  only  to  expand  the  r ight-hand-side  of 
the  equat ion ,  neglec t ing  h igher -order  products  of  the  per turba t ions ,  
b u t  a l s o  t o  expand t h e  a c o u s t i c  v e l o c i t y  i n  powers of the pertur- 
b a t  i ons . Thus 
Therefore ,  addi t ional  assumptions must be made t o  c a s t  t h e  
where  and r are thermodynamic  parameters  of the  f luid  (always 
unde r s tood  to  be  eva lua ted  in  the  und i s tu rbed  s t r eam)  and def ined  
by 
= +($Is . 
( 2 . 0 9 )  
(2 .10)  ' 
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The symbol 5 d e s i g n a t e s  t h e  d i f f e r e n c e  of t h e  q u a n t i t y  it precedes 
from i t s  v a l u e  i n  t h e  u n d i s t u r b e d  stream, and t h e  s u b s c r i p t  ( )- 
refers t o  e v a l u a t i o n  i n  t h e  u n d i s t u r b e d  stream. For a c a l o r i c a l l y  
p e r f e c t   g a s ,  r = and Q = 0 . 
must have a re la t ion  be tween the  pressure  per turba t ions  and  the  
v e l o c i t y   ( p o t e n t i a l )   p e r t u r b a t i o n s .  Such a B e r n o u l l i   r e l a t i o n  may 
be   der ived  as fol lows.   For  a homocompositional,   inviscid  f low,  the 
Crocco-Vaszonyi theorem states 
I n  o r d e r  t o  u s e  t h i s  e x p a n s i o n  i n  t h e  p o t e n t i a l  e q u a t i o n ,  we 
where H i s  t h e   t o t a l   e n t h a l p y  and T is the   t empera ture  of t h e  
f l u i d .  This may be combined wi th  the  momentum e q u a t i o n  t o  g i v e ,  f o r  
a homoenerge t ic  ( i . e . ,  H = constant)  f low,  
(2.12) 
which may be expanded and integrated to give 
where U is  the   und i s tu rbed ,   o r   f r ee - s t r eam,   ve loc i ty .  We may 
a l s o  write a formal ,  thermodynamic expansion of  this  integral ,  
And comparison of the l a s t  two r e s u l t s ,  by  an i t e r a t i v e  p r o c e s s ,  
y i e   I d s  
This is  the  requi red  Bernoul l i  equa t ion  which  re la tes  pressure  
per turba t ions   to   changes   in   ve loc i ty   po ten t ia l .   Here  we have 
i n t r o d u c e d   t h e   p e r t u r b a t i o n   p o t e n t i a l ,  4 . 
(2.16) 
7 
where T is a measure  of  the maximum body s lope ,  c is t h e  body 
length  (chord)  , and p = d m  with  M =  v , .  We have   a l so  in: 
t roduced the Prandt l -Glauert  coordinates  
(2.17) 
i n  p l a c e  o f  a Car tes ian  sys tem (x ,y ,z ) ,  wi th  i t s  x - a x i s  a l i g n e d  t o  
the freestream, and have used the notat ion 
The Bernoul l i  equa t ion  may 'be  subs t i tu ted  back  in to  equat ion  
(2 .08 )  to  g ive  
F i n a l l y ,  t h i s  may be  subs t i tu ted  back  in to  the  fundamenta l  po ten-  
t i a l  equa t ion  (2 .07 ) ,  t he  r igh t -hand- s ide  o f  t ha t  equa t ion  expanded 
i n  terms o f  t h e  p e r t u r b a t i o n  p o t e n t i a l ,  and we a r r i v e  a t  
This   equa t ion  f o r  t h e   p e r t u r b a t i o n   p o t e n t i a l ,  # , i s  t h e  
s t a r t i n g  p o i n t  f o r  a l l  p e r t u r b a t i o n  t h e o r i e s ,  and i n  t h e  above 
form i s  a c c u r a t e  t o  t h i r d  o r d e r  i n  t h e  l o c a l  p e r t u r b a t i o n  quan- 
t i t i e s .  I t  is  an ex tens ion  of  the  equat ion  g iven  by  V a n  Dyke 
(1952) t o  i n c l u d e  a l l  t h i r d - o r d e r  q u a n t i t i e s  ( n o t  j u s t  t h o s e  i m -  
po r t an t  nea r  a s lender  body) ,  and i s  d e r i v e d  f o r  a g e n e r a l  f l u i d  
(not a c a l o r i c a l l y  p e r f e c t  g a s ) .  
2 .  B .  Shock r e l a t i o n s  
A p e c u l i a r  f e a t u r e  o f  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  
is the  p re sence  o f  r eg ions  in  the  phys ica l  p l ane  where t h e  s o l u t i o n  
is  mul t ip ly  def ined ,  due t o  t h e  o v e r l a p  o f  c h a r a c t e r i s t i c s  coming 
from d i f f e r e n t  p o i n t s  on t h e  b o u n d a r y  o r  i n i t i a l  d a t a .  I n  o u r  case, 
8 
t h i s  d i f f i c u l t y  i s  overcome  by t h e  i n s e r t i o n  of shocks ,  o r  d i scon-  
t i n u i t i e s  i n  t h e  s o l u t i o n  ( o r  i t s  d e r i v a t i v e s ) ,  a c r o s s  which t h e  
s o l u t i o n  jumps from one b ranch  to  ano the r  i n  t h e  c h a r a c t e r i s t i c  
.plane.  The in t e rmed ia t e  po r t ion  o f  t he  so lu t ion  i s  then omit ted 
t o  r e n d e r  t h e  s o l u t i o n  u n i q u e  i n  t h e  p h y s i c a l  p l a n e .  
cond i t ions  fo r  conse rva t ion  o f  mass, momentum, and energy fluxes 
a c r o s s  t h e  d i s c o n t i n u i t y  s u r f a c e ,  and the  requi rement  tha t  the  
t angen t i a l  ve loc i ty  be  con t inuous  ac ross  the  su r face .  
These shocks are i n s e r t e d  a c c o r d i n g  t o  t h e  classical  Hugoniot 
We descr ibe  the  shock  loca t ion  as 
(2.20) 
and use square brackets ,  [ 1,  t o  d e n o t e  t h e  jump i n  any q u a n t i t y  
across   the   d i scont inui ty   sur face .   Thus ,   the   requi rements  of con- 
t i n u o u s  t a n g e n t i a l  v e l o c i t y  and normal mass f l u x  may b e  w r i t t e n  
and 
(2.21) 
(2.22) 
r e s p e c t i v e l y ,  where i s  t h e  v e l o c i t y  component along the normal 
t o   t h e   d i s c o n t i n u i t y   u r f a c e .  The conservat ion  of   energy i s  auto-  
mat ica l ly  assured  through our  use  of  the  Bernoul l i  equa t ion  (2 .15)  
t o  r e l a t e  p r e s s u r e ,  v e l o c i t y ,  and en t ropy   pe r tu rba t ions .   F ina l ly ,  
i n  p l a c e  o f  t h e  u s u a l  momentum r e l a t i o n ,  we s h a l l  u s e  'a q u a n t i t a t i v e  
express ion  f o r  t he  en t ropy  jump 
v 
(2.23) 
which i s  v a l i d  f o r  weak shock  waves.  (See,  e.g., Hayes (1954a.) .)  
We may expand the densi ty  as 
where 
(2.25) 
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and 
and these l a s t  two parameters are always assumed t o  be evaluated 
i n   t h e   f r e e s t r e a m .  For a c a l o r i c a l l y   p e r f e c t   g a s ,  = 7 -  Vz 
and - 3 - Y - 1 .  
S u b s t i t u t i n g  from the  Bernou l l i  r e su l t  (2 .15 )  g ives  
and s i n c e  
(2.28) 
we  may write (2.22) as 
The term involv ing  the  en t ropy  jump may be el iminated using (2.23)  
to g ive  
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This  last equa t ion  and  tha t  expres s ing  con t inu i ty  o f  t he  po ten t i a l  
ac ross  the  d i scon t inu i ty ,  (2 .21 ) ,  w i l l  be  used  to  de t e rmine  the  
loca t ions  o f  any shocks i n  t h e  f l o w  f i e l d ,  and t h e  jumps i n  p e r -  
t u r b a t i o n  q u a n t i t i e s  a c r o s s  them. 
2.C.  Boundarv  and I n i t i a l  Conditions 
The appropr i a t e  boundary  cond i t ion  fo r  i nv i sc id  f lows  is t h a t  
t he  ve loc i ty  no rma l  to  the  su r face  a t  eve ry  po in t  on a phys ica l  
body van i sh .  In  add i t ion ,  we r e q u i r e  t h e  i n i t i a l  c o n d i t i o n  t h a t  
a l l  per turba t ions   vanish   ups t ream  of   the   body.   ( In   l inear ized  
t h e o r y ,  t h i s  i n i t i a l  c o n d i t i o n  i s  appl ied  on t h e  l e a d i n g  Mach cone; 
w e  shal.1 apply i t  immediately upstream of the leading shock sur-  
faces , which are s l i g h t l y  a h e a d  o f  t h e  l e a d i n g  Mach cone.) These 
conditions form a well posed problem f o r  t h e  wave-type equations 
with which we s h a l l  b e  d e a l i n g .  
For  p lanar  f lows ,  the  wave s t r u c t u r e  s o l u t i o n  is uniformly 
v a l i d  t o  t h e  body s u r f a c e ,  and the boundary condi t ion may be  appl ied  
d i r e c t l y .  The mean surface  approximation i s  used, and the   cond i t ions  
a re   app l i ed   a long   t he   l i ne  ? = . O  . 
For  f lows  about  f in i te  bodles ,  the  boundary  condi t ion  i s  used t o  
determine a. l o c a l  s o l u t i o n ,  which i s  v a l i d  i n  t h e  v i c i n i t y  of t h e  
body. The l a rge -d i s t ance   a sympto t i c   behav io r   o f   t h i s   so lu t ion  i s  then  
matched with the small-distance asymptotic behavior of the wave s t r u c -  
t u r e  s o l u t i o n  t o  d e t e r m i n e  t h e  p o t e n t i a l  i n  t h i s  o u t e r  r e g i o n .  Match- 
ing  o f  t he  po ten t i a l  and not  merely i t s  r a d i a l  d e r i v a t i v e  (which might 
be though t o  b e  a s u f f i c i e n t  c o n d i t i o n )  is requi red  to  comple te ly  de-  
te rmine  the  pos i t ions  of  any  shocks  in  the  f low.  
2.D. General   nature  of  sca l ing   conceuts  
The a p p r o p r i a t e  s c a l i n g  of v a r i a b l e s  i n  t h e  wave s t r u c t u r e  r e g i o n ,  
i . e . ,  t h a t  r e g i o n  i n  which cumulat ive nonl inear i t ies  must be taken in-  
t o  accoun t ,  may be  seen  in  seve ra l  ways.  For s impl i c i ty  o f  expos i t i on ,  
we w i l l  i l l u s t r a t e  t h e  a r g u m e n t s  o n l y  f o r  t h e  c a s e  o f  p l a n a r  f l o w s .  
Similar  arguments  may be  fo l lowed for  more gene ra l  f l ows ,  bu t  t he  e s -  
s e n t i a l  i d e a s  are more e a s i l y  l o s t  i n  a l g e b r a i c  c o m p l e x i t y .  A d i scus-  
s i o n  o f  t h e  s c a l i n g  p r o b l e m  f o r  s u p e r s o n i c  a i r f o i l  t h e o r y  i s  a l s o  i n -  
cluded i n  Van Dyke's book (1965), t o  which the fol lowing paragraphs 
owe. 
of  t he  equa t ion  desc r ib ing  the  f low,  and t h e  f a i l u r e  o f  s u c c e s s i v e  
approximations t o  c o r r e c t  t h e  c h a r a c t e r i s t i c s  t o  more c lose ly  approxi -  
mate those   o f   t he   fu l l   non l inea r   equa t ion .   S ince   t he   s t r a igh t fo rward  
per turba t ion  procedure  a t tempts  to  cor rec t  the  so lu t ion  by  expanding  
it  i n  a T a y l o r  s e r i e s  a b o u t  t h e  l i n e a r i z e d  c h a r a c t e r i s t i c s ,  t h e  p r o -  
cedure w i l l  become inaccura t e  when the  d i s t ance  be tween  the  ac tua l  
c h a r a c t e r i s t i c  a n d  t h e  l i n e a r i z e d  c h a r a c t e r i s t i c  s t a r t i n g  from t h e  
same p o i n t  on t h e  body  becomes o f  o rde r  un i ty ,  fo r  t hen  the  f irst  
c o r r e c t i o n  i s  o f   t he  same order  as the   l i nea r   app rox ima t ion .   S ince  
for  the  p lane  f low over  a s l ende r  obs t ac l e  of th ickness  of  O ( r )  t h e  
The most physical argument i s  one based upon the  hype rbo l i c  na tu re  
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p e r t u r b a t i o n  i n  s i g n a l  v e l o c i t y  ( o r  c h a r a c t e r i s t i c  v e l o c i t y )  i s  of 
0 I - r )  and constant :!long t h e  c h a r a c t e r i s t i c s  i n  t h e  l i n e a r  s o l u t i o n ,  
t h e  s l o p e  o f  t h e  e x a c t  c h a r a c t e r i s t i c  .is everywhere of O ( - r )  d i f f e r -  
e n t  from t k a t  o f  t h e  l i n e a r i z e d  one pass ing  through the  same p o i n t .  
Thus, i f  we Follow t h e  l i n e a r i z e d  c h a r a c t e r i s t i c  a d i s t a n c e  of O ( ~ / T )  
away ' .  the  body, we will ar r ive  a t  a p o i n t   i n   t h e   f l o w   t h a t  i s  of 
char:] s t i c .   T h i s   u g g e s t s   t h a t  i f  we r e s c a l e   t h e  l a te ra l  v a r i -  
a t '  - -  e. , t h e  one  which  measures   dis tance  a long  the  character is t ic  
the  equat ion  should  rear range  i t se l f  t o  p r o v i d e  an accu ra t e  desc r ip -  
t i on  o f  t h i s  l ong  r ange ,  cumula t ive  non l inea r i ty .  
i s  more f o r m a l  i n  n a t u r e ,  and i s  seen by observing the nature  of  the 
nonuni formi ty   in   the   s t ra ight forward   per turba t ion   so lu t ion .   For   the  
planar flow over a bump descr ibed by 
O ( 1 )  . From t h e   p o i n t  we would  have  found  by  following  the  xact 
" - ~h lat i t  i s  of   0(1)  when t h e  p h y s i c a l  v a r i a b l e  i s  of 0(1 /1- ) ,  
A second argument (which, of course, arrives a t  t h e  same r e s u l t )  
(2.31) 
the  s t ra ight forward  expans ion  g ives  fc r  t h e  p e r t u r b a t i o n  p o t e n t i a l  
t he   so lu t ions  (Van  Dyke (1952)):  
(2.32) 
(2.34) 
Now, the  so lu t ion  (2 .32)  is a uniformly val id  asymptot ic  expansion 
as ~ - r  0 i f  M% 6, grows  no fas ter  than  $o i n  any  region. How- 
eve r ,  due  to  the  p re sence  o f  t he  th i rd  term i n  t h e  s o l u t i o n  ( 2 . 3 4 )  
f o r  $, , t he  con t r ibu t ion  from the  second-order   term will be  of  the 
same order  as t h a t  from t h e   f i r s t - o r d e r   t e r m  when 8 .v kT . This ,  
t o o ,  s u g g e s t s  t h a t  i n  t h e  r e g i o n  o f  O ( l / - r )  d i s t a n t  from the body, 
a new sca l ing  o f  va r i ab le s  i s  r equ i r ed .  
-F 
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Chapter Three 
The Theorv of Planar Flows 
3 . A .  Eauations and  Boundarv Conditions 
For p lanar  f lows ,  we assume the  f low p rcpe r t i e s  t o  be  indepen-  
dent   of  , and  in t roduce   the   cont rac ted ,   semi-charac te r i s t ic  
coord ina tes  
where 
(3.01) 
( 3 . 0 2 )  
i s  the fundamental  l a t e ra l  s c a l e  f a c t o r  which  forms t h e  b a s i s  f o r  
Hayes'  (1954) f i r s t - o r d e r   s i m i l i t u d e .  The new v a r i a b l e s ,  E and 
y , c o r r e s p o n d   e s s e n t i a l l y   t o  a phase  and an  age v a r i a b l e ,   r e -  
s p e c t i v e l y ,  i n  a geometric analysis of the analogous one-dimensional 
unsteady  problem.  (Or,  they may be  thought  of as t h e  s h o r t -  and 
l o n g - t i m e  t a r i a b l e s  i n  a mul t ip le  t ime scale a n a l y s i s . )  
The e q u a t i o q  f o r  t h e  p e r t u r b a t i o n  p o t e n t i a l  ( 2 . 1 9 )  t h e n  becomes 
We in t roduce  the  expans ion  fo r  t he  po ten t i a l  
whence we a r r i v e  a t  the  h i e ra rchy  o f  equa t ions  
(3.04) 
( 3 .  OS) 
( 3 . 0 6 )  
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We n o t e  t h a t  t h e  f i r s t - o r d e r  e q u a t i o n  ( f o r  $6, ) i s  non l inea r .  
I n  a d d i t i o n  t o  t h e  f irst  term (which i s  e s s e n t i a l l y  t h e  wave equa- 
t i o n  i n  s e m i - c h a r a c t e r i s t i c  c o o r . d i n a t e s  f o r  waves o f  p r i m a r i l y  one 
f a m i l y ) ,  t h e r e  is now a term t o  a l l o w  c o r r e c t i o n  of t h e  c h a r a c t e r -  
i s t ics .  This  l a t t e r  term is ,  o f  c o u r s e ,  a b s e n t  i n  t h e  l i n e a r  t h e o r y .  
The second-order  equat ion i s  a g a i n  l i n e a r  ( a s  would b e  t h e  c a s e  f o r  
a l l  higher  approximations)  with nonhomogeneous terms which a r e  known 
f u n c t i o n s  o f  t h e  f i r s t - o r d e r  s o l u t i o n .  The ex t reme  s impl ic i ty   o f  
t h e  f i r s t - o r d e r  e q u a t i o n  i s  a m a j o r  f a c t o r  i n  o u r  a b i l i t y  t o  o b t a i n  
u s e f u l  r e s u l t s .  
p o t e n t i a l ,  
We expand the shock shape in  a manner similar t o  t h a t  f o r  t h e  
and the   shock   r e l a t ions  ( 2 . 3 0 ) ,  (2.21) become 
(3.07) 
(3.08) 
(3.09) 
and 
(3.11) 
where (2.21)  has  been different ia ted along the shock surface to  
produce  (3.09)  and  (3.11) , and a l l  q u a n t i t i e s  are eva lua ted  a t  
t h e  s u r f a c e  F, , i n  analogy with the mean surface approximation 
used   for   the   boundary   condi t ions .  The d i f f e r e n t i a t i o n  o f  ( 2 . 2 1 )  
has  the  e f f ec t  o f  i n t roduc ing  an a r b i t r a r y  c o n s t a n t  i n t o  t h e  ex- 
p re s s ion   fo r   t he   shock   l oca t ion .   Th i s   cons t an t  i s  e l i m i n a t e d   i n  
t h e  f i r s t - o r d e r  r e s u l t  by s t a r t i n g  t h e  shock a t  the  f i r s t  po in t  
o f   cha rac t e r i s t i c   ove r l ap .   In   t he   s econd-o rde r   r e su l t ,   ( 3 .11 )  
i s  used  on ly  to  s impl i fy  (3 .10 ) ,  and  the  nond i f f e ren t i a t ed  form 
of  (2.21)  (eqn.  (3.18)) i s  used   t o   l oca t e   t he   shock .  
combined t o  g i v e  
The f i r s t - o r d e r  shock r e l a t ions  (3 .08 )  and (3.09) may be 
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and 
(3.12) 
(3.13) 
The f irst  r e s u l t  states t h e  well known fact  t h a t  ( t o  first order )  
the  shock  ve loc i ty  i s  the  mean of t h e  c h a r a c t e r i s t i c  v e l o c i t i e s  
on e i t h e r  s i d e  o f  t h e  d i s c o n t i n u i t y ,  and t h e  l a t t e r  may b e  i n t e r -  
p r e t e d  as s t a t i n g  t h a t  t h e  Riemann invar ian t  of  r igh t - running  
( r e tu rn ing )  waves is unchanged in   c ros s ing   t he   shock .  (See  below). 
T h i s  l a t t e r  r e s u l t ,  combined wi th  the  f i rs t  i n t e g r a l  o f  t h e  first- 
order  equat ion  (3 .05) ,  
(3.14) 
and t h e  fac t  t h a t  a l l  p e r t u r b a t i o n s  must vanish everywhere up- 
stream, g i v e s  t h e  r e l a t i o n  
(3.15) 
which will prove most useful i n  s impl i fy ing  the  second-o rde r  
problem . 
(3.05) may b e  s i m p l i f i e d  t o  
The second-order  equat ion (3.06) ,  with the use of  (3.15) and 
(3.16) 
The second-order  shock  relations  (3.10)  and  (3.11) may be 
combined t o  g i v e  
( 3 . 1 7 )  
where t h e  r e s u l t  
(3.18) 
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o b t a i n a b l e  d i r e c t l y  f rom (2 .21) ,  and  the  ident i ty  
have  been  used, as well as the  s impl i f i ca t ions  o f  (3 .05 )  and  (3.15). 
The ident i ty  (3 .19)  may be der ived from (3.09)  by mult iplying within 
the  bracket .s   by , and  using  the fact  t h a t  
where the  ba r  deno tes  t ak ing  of t h e  mean o f  t he  quan t i ty  on e i t h e r  
s i d e   o f   t h e   d i s c o n t i n u i t y .   E q u a t i o n   ( 3 . 1 7 )   e s s e n t i a l l y   g i v e s   t h e  
change i n  t h e  Riemann i n v a r i a n t  f o r  t h e  c r o s s i n g  waves,  and  (3.18) 
will be   used   to   de te rmine  E, . 
The wave s t ruc tu re  equa t ions  p re sen ted  he re  co r re spond  to  an 
o r d e r l y  e x p a n s i o n  o f  t h e  c h a r a c t e r i s t i c  r e l a t i o n s  f o r  s t e a d y ,  i n -  
v i sc id   f l ow.   These   equa t ions   s t a t e   t ha t  
a 1 ong 
(3.21) 
(3.22) 
r e s p e c t i v e l y .  . I n  t h e  above  fo rm,  the  r e l a t ions  a re  va l id  fo r  a 
ro t a t iona l  f l ow.  -When expressed  in  te rms  of  our  wave s t r u c t u r e  
v a r i a b l e s  , t h e  c h a r a c t e r i s t i c  e q u a t i o n s  become 
a1 ong 
(3.23) 
(3.24) 
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(3.26) 
Thus, the shock relations (3.13) and (3.17) may b e  i n t e r p r e t e d  
as g iv ing  the  change  in  the  Riemann inva r i an t  o f  t he  c ros s ing  sys -  
tem of  charac te r i s t ics .  This  change  i s  z e r o  t o  first o r d e r ,  b u t  i s  
non-zero  in  the  second approximat ion ,  due  to  the  inabi l i ty  of  the  
shock to match p e r f e c t l y  w i t h  t h e  c o n d i t i o n s  i n  a simple wave. This 
l o c a l l y  t h i r d - o r d e r  e f f e c t ,  when f o l l o w e d  t o  l a r g e  d i s t a n c e s  from 
the  body,   contr ibutes  a cumulat ive  effect   of   the   second  order .  From 
(3.17)   and  (3 .25) ,   the   change  in   the  invariant ,  Q, f o r  t h e  c r o s s i n g  
wave i s  
(3.27) 
Th i s  quan t i ty  w i l l  p l ay  an  impor t an t  ro l e  i n  the  de t e rmina t ion  o f  
t h e  l o c a t i o n  of t h e  rear  shock a t  ve ry  l a rge  d i s t ances  from t h e  
a i r f o i l .  (See  Appendix B ) .  
system i s  n e a r l y  p l a n a r  n o t  o n l y  i n  t h e  wave s t r u c t u r e  r e g i o n ,  b u t  
nea r  t he  body s u r f a c e  as w e l l .  This f a c t  i s  manifested  mathematic- 
a l l y   i n  the un i fo rm va l id i ty  o f  t he  wave s t r u c t u r e  s o l u t i o n  i n  t h e  
reg ion  of  the  body su r face ,  w i th  the  r e su l t  t ha t  t he  boundary  con- 
d i t i o n s  may b e  a p p l i e d  d i r e c t l y  t o  t h e  wave s t r u c t u r e  s o l u t i o n ,  
wi thout  the  necess i ty  of  in t roducing  an  inner  (or  loca l )  so lu t ion .  
Since the f low under  considerat ion is  two-dimensional,  the wave 
We cons ide r  t he  shape  o f  t he  body  su r face  to  be  desc r ibed  by  
(3.28) 
where q(%) i s  t h e  body shape  func t ion ,  and  the  subsc r ip t  ( ) b  r e f e r s  
t o  t h e  body s u r f a c e .  Then the  appropr ia te  boundary  condi t ion  is 
t h a t  t h e  s t r e a m l i n e  s l o p e ,  
(3.29) 
b e  t a n g e n t  t o  t h e  s u r f a c e  a t  every point  on the body.  
mean p lane  , t h i s  c o n d i t i o n  may b e  s a t i s f i e d  a t  t h e  s u r f a c e  
by an approp i a t e  Taylor expansion about values on t h a t  p l a n e .  
(This i s  the  so-called  "mean-surface  approximation.") Thus, sub- 
s t i t u t i o n  of (3.04)  gives 
Since we are cons ider ing  bodies  which l i e  everywhere near the 
I= O 
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( 3 . 3 0 )  
1- rW 2 
QI. 'F = MO,, - k' (CQFF + - 2/9' 9 ir  , ( 3 . 3 1 )  
as the  r equ i r ed  boundary  cond i t ions ,  t o  be  app l i ed  a t  7 = 0 . 
and  boundary  cond i t ions  in  the i r  f i na l  form f o r  t h e  f i r s t - o r d e r  
prob lem, 
To summarize, we h e r e  c o l l e c t  t h e  e q u a t i o n s ,  s h o c k  r e l a t i o n s ,  
"'I = 01,, , 
I 
= - f (r> 
I OY 7 = O '  
and f o r  the second-order problem, 
(3. OS) 
(3.13) 
(3 * 12)  
(3.30) 
(3.16) 
(3.18) 
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3 . B .  Gene ra l   so lu t ion  
The f i r s t - o r d e r  e q u a t i o n  ( 3 . 0 5 )  h a s  c h a r a c t e r i s t i c s  d e s c r i b e d  
b y .  
(3.32) 
along  which  constant.  Thus, t h e   c h a r a c t e r i s t i c s  are s t r a i g h t  
l i n e s   i n   t h e  5-y plane .  The value  of  & on a p a r t i c u l a r   c h a r -  
acter is t ic  is determined from the value of f '  at t h e  v a l u e  of E 
corresponding   to  7-0. We deno te   t h i s   va lue   o f  E as 'Eb . 
Thus t h e  s o l u t i o n  may b e  w r i t t e n  
(3.33) 
where 
I 
Eb- E- 7f("' = 0 (3.34) 
determines E6 i m p l i c i t l y .   T h i s  i s  e q u i v a l e n t   o  Whitham's r e s u l t ,  
which s t a t e s  t h a t  t h e  l i n e a r  s o l u t i o n  i s  cor rec t  even  a t  l a r g e  d i s -  
tances from the body i f  t h e  l i n e a r i z e d  c h a r a c t e r i s t i c s  a r e  r e p l a c e d  
by the exact  ones (or  a t  least  by ones accurate  to  f irst  o rde r ) .  
The above r e s u l t  r e d u c e s  t o  t h e  l i n e a r  r e s u l t  n e a r  t h e  body ( i . e . ,  
f o r  small 7 ) , where Eb approaches E and   t he   l i nea r i zed  and 
f i r s t - o r d e r  c h a r a c t e r i s t i c s  a r e  i n d i s t i n g u i s h a b l e .  
I f  w e  a r e  i n t e r e s t e d  
have 
0 
where the  r e l a t ion  (3 .13 )  
i n  t h e  a c t u a l  v a l u e  o f  t h e  p o t e n t i a l ,  we 
has  been  used  to  e l imina te  the  a rb i t r a ry  
func t ion   of  7 a r i s i n g  f rom  the   in tegra t ion .  The loca t ions   o f  
any shocks which may appea r  i n  the  f low a re  then  de te rmined  by in -  
t e g r a t i n g  ( 3 . 1 2 )  i n  any  reg ion  where  the  charac te r i s t ics  over lap  
i n  t h e  p h y s i c a l  p l a n e ,  s t a r t i n g  a t  the point where any such overlap 
f irst  occurs .  
f i r s t - o r d e r  e q u a t i o n ,  and along these the homogeneous p a r t  o f  t h e  
second-order   po ten t ia l  i s  cons t an t .   I n t eg ra t ing   t he   s econd-o rde r  
equat ion   (3 .16)   once   wi th   respec t   o  E y i e l d s  
The second-order  equat ion has  the same c h a r a c t e r i s t i c s  as t h e  
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I 
where S(7) i s  an, as ye t ,  a rb i t r a ry  func t ion ,  i n t roduced  by  the  in -  
tegra t ion .  S ince  the  ve loc i ty  per turba t ions  must  vanish  everywhere  
ahead of  the leading shock,  SC.\) m u s t  b e  i d e n t i c a l l y  z e r o  i n  t h a t  
reg ion .   Indeed ,   s ince  it is a func t ion   on ly   o f  7 , it would have 
t o  b e  z e r o  everywhere were it n o t  f o r  t h e  fact  t h a t  it can be in-  
cremented a t  shocks.  This i s  seen from t h e  s h o c k  r e l a t i o n  (3.17), 
which states 
Thus, whi le  the  func t ion  S(3) cannot  depend  upon E i n  any i n v i s c i d  
r eg ion ,  i t  must be  a l lowed  to  inc rease  by  
a t  each  shock wave i n  t h e  f l o w  f i e l d .  The q u a n t i t y  
is  r e l a t e d  t o  t h e  Riemann i n v a r i a n t  of t h e  wave fami ly  c ross ing  the  
shock, and the amount by  which it changes i s  a measure of the de- 
par ture  of  the  wave system under consideration from a simple one. 
Thus, the   equat ions  (3.36) and (3.17), by  comparison  require 
where t h e  summation i s  over a l l  shocks upstream of t h e  p o i n t  of 
cons idera t ion  a t  any  value  of 7 . 
whence 
NOW, t h e  f i r s t - o r d e r  solution, &,I , i s  a funct ion  only of r b ,  
and 
where h(5Jis a func t ion  o f  i n t eg ra t ion  to  be  de t e rmined  by  the  
boundary condition. 
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D i f f e r e n t i a t i n g   t h e   s o l u t i o n   w i t h   r e s p e c t . t o  P , and eva lua t ing  
it a t  7 = 0, we have 
whence the boundary condi t ion (3.31)  requires  
(3.41) 
and we h a v e ,  f i n a l l y ,  
This  gives  the com l e t e  s e c o n d - o r d e r  p o t e n t i a l  i n  t e r m s  o f  t h e  body 
shape  funct ion,  i%'), i n   t h e   f i r s t - o r d e r   c h a r a c t e r i s t i c   c o o r d i n a t e  
system ( E b ,  9 ) which i s  known from t h e  f i r s t - o r d e r  s o l u t i o n .  
i s  then  obtained  by evaluat ing and 8 a l o n g   t h e   f i r s t - o r d e r  
curve,  artd using f 
The second-o rde r  co r rec t ion  to  the  shapes  o f  shocks  in  the  f low 
I 
(3.18) 
The un i fo rm va l id i ty  o f  t he  so lu t ion  may  now be seen from a 
comparison  of t h e  g e n e r a l  s o l u t i o n s  f o r  t h e  f irst-  and second- 
order  problems. We thus   have   fo r   l a rge   d i s t ances   t ha t  
5 t F  - - c YF') J (3.43) 
while  
(3.44) 
Thus t h e  r a t i o  o f  s e c o n d - o r d e r  p e r t u r b a t i o n  q u a n t i t i e s  t o  t h o s e  of 
f i rs t  o rde r .  a long  any  cha rac t e r i s t i c  is 
(3.45) 
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which approaches zero uniformly as 7- 0. 
3 . C .  Sample sollution 
The general  form of t h e  wave s t r u c t u r e  s o l u t i o n  f o r  p l a n a r  
flows i s  presented  in  the  prev ious  sec t ion ,  and  the  comple te  so lu-  
t i o n  may be  cons t ruc ted  once  the  body shape  func t ion ,  -fC(y'), is 
known. This  has  been  done i n  Appendix B f o r  t h e  p a r t i c u l a r l y  
simple  example  of a symmetric, c i r c u l a r - a r c  a i r f o i l  a t  zero angle  
o f  a t t ack ,  and some p a r t i c u l a r  f e a t u r e s  of t h e  s o l u t i o n  will now 
be  presented .  
sec t ion ,  on ly  the  f low in  the  upper  ha l f -p lane  i s  considered.  
Thus, we cons ide r  t he  shape  func t ion  to  be  g iven  by  
Since the f low w i l l  be  symmetric about  the  chord- l ine  of  t h e  
f(€b) = 0 
(3 .46)  
= o  
The f i r s t - o r d e r  s o l u t i o n ,  f a r  from t h e  a i r f o i l  ( i . e . ,  i n  t h e  
limit o f  l a rge  7 ) i s  then 
in  the  reg ion  be tween the  shocks  descr ibed  by  
(3.47) 
(3.48) 
and i s  zero elsewhere (i .e. ,  upstream and downstream of the lead- 
i ng  and t r a i l i n g  s h o c k s ,  r e s p e c t i v e l y ) .  
l a rge  y Y as The second-order  solut ion between the shocks behaves,  for  
while  the shocks are displaced by an amount 
( 3 . 4 9 )  
(3 .50 )  
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The dominant second-order effect  a t  l a r g e  d i s t a n c e s  is  a d i s -  
placement of the shock wave which s t r eng thens  the  l ead ing  wave and 
weakens t h e  t r a i l i n g  wave.  These r e su l t s  ag ree  wi th  those  o f  
F r i e d r i c h s  (1948) when our  ana lys i s  is s p e c i a l i z e d  t o  t h e  c a s e  o f  
a ca lo r i ca l ly  pe r fec t  gas ,  and  h i s  expres s ion  fo r  t he  shock  s lope  
is co r rec t ed  as noted  by  Lighth i l l  (1954) .  
t i a l  
Behind t h e  t r a i l i n g  s h o c k ,  t h e  a n a l y s i s  g i v e s  as the poten-  
(3.51) 
which is  a func t ion   of   a lone ,  whence t h e   p r e s s u r e   p e r t u r b a t i o n s  
are o f  t h i r d  o r d e r  i n  t h i s  r e g i o n .  But the  form  of   (3 .51)   suggests  
t h a t  t h e r e  i s  a r igh t - running  wave t h a t  i s  l o c a l l y  o f  t h i r d  o r d e r ,  
but  has  a cumula t ive  e f f ec t  of the second order, and hence must be 
i n c l u d e d  i n  t h e  a n a l y s i s .  T h i s  e f f e c t  was f irst  noted by L i g h t h i l l  
(1954), and must be accounted f o r  i f  c e r t a i n  g l o b a l  i n t e g r a l s  re- 
l a t i n g  t o  l i f t  and  d rag  a re  to  be  co r rec t  t o  s econd  o rde r  (See 
Appendix C ) .  This wave e v e n t u a l l y  i n t e r a c t s  w i t h  t h e  t r a i l i n g  s h o c k  
below t h e  a i r f o i l  ( o r  i s  " re f l ec t ed"  and i n t e r a c t s  w i t h  t h e  t r a i l i n g  
shock  above t h e  a i r f o i l  i n  o u r  s y m m e t r i c  c a s e ) ,  and a l t e r s  i t s  po- 
s i t i o n  t o  second order .  This  in te rac t ion  takes  p lace  only  very  fa r  
from t h e  body,  and we i n t r o d u c e  f o r  t h i s  " L i g h t h i l l  r e g i o n "  t h e  new 
s c a l i n g  
(3.52) 
S ince  en t ropy  and  pressure  per turba t ions  a re  of t he  same order behind 
t h e  s h o c k s  n e a r  t h e  a i r f o i l ,  t h e  s t r e n g t h  o f  t h i s  wave must  be de t e r -  
mined u s i n g  t h e  r o a t i o n a l  method  of c h a r a c t e r i s t i c s .  I n  t h e  r e g i o n  
of in t e rac t ion  wi th  the  t r a i l i ng  shock  (3 .52 ) ,  however ,  t he  en t ropy  
pe r tu rba t ions  are aga in  neg l ig ib l e ,  and  the  po ten t i a l  beh ind  the  
t r a i l i n g  shock i s  
and the second-order shock displacement i s  
which a t  ve ry ,  ve ry  g rea t  d i s t ances  from t h e  a i r f o i l  ( i . e . ,  f o r  
l a r g e  7 ) , approaches . 
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(3.55) 
T h i s  r e s u l t  d i f f e r s  s l i g h t l y  from t h a t  o f  L i g h t h i l l  (1954) f o r  
t h e  p o s i t i o n  o f  t h e  t r a i l i n g  s h o c k ,  which is i n  e r r o r .  ( S e e  Appen- 
d i x  B ) .  
3 .  D. S t ruc tu re  o f  Shock Or ig in  
S i n c e  t h e  c h a r a c t e r i s t i c s  a r e  n o t  r e v i s e d  i n  o u r  s e c o n d - o r d e r  
approximation, we cannot hope f o r  t h e  t h e o r y  t o  g i v e  d e t a i l e d  i n f o r -  
mation about the wave s t r u c t u r e  n e a r  t h e  o r i g i n  o f  a shock within 
t h e  f l o w  f i e l d .  The theory   does   approximate   such   loca l   behavior   in  
a global sense,  however,  and gives a second-order displacement of 
t he  po in t  o f  fo rma t ion  which corresponds t o  t h e  a x i a l  d i s p l a c e m e n t  
of  the  cont inua t ion  of the shock shape val id  away from the  po in t  of 
f o r m a t i o n ,  t o  t h e  same la te ra l  p o s i t i o n  as t h e  f i r s t - o r d e r  shock was 
f irst  formed.  This i s  i l l u s t r a t e d  i n  Appendix D ,  where  the  geometry 
o f  t h e  t r u e  c h a r a c t e r i s t i c s  i s  inves t iga t ed  in  the  ne ighborhood  o f  
such a p o i n t .  
from d i f f e r e n t  p o i n t s  on the  boundary  da ta  f irst  c ross .  The shock 
then forms a b a r r i e r  .which t h e  c h a r a c t e r i s t i c s  are not  a l lowed to  
c ross ,  thus  render ing  the  so lu t ion  unique  in  reg ions  where  the  over -  
l a p p i n g  c h a r a c t e r i s t i c s  would  o therwise  have  caused  the  so lu t ion  to  
be mult ivalued.  The case  examined i n  Appendix D i s  t h a t  of  t h e  shock 
formed in  the  p l ana r  f low ove r  a s t e p  formed by f irst  a compressive, 
then  an  expansive,  arc of a parabola .  The geometry  and  f i rs t -order  
c h a r a c t e r i s t i c s  are shown in   F igu re   3 .01 .  The f i r s t - o r d e r   t h e o r y  
p r e d i c t s  a shock t o  b e  formed with f i n i t e  s t r e n g t h  at (0, Y z ) ,  up- 
stream of which the flow i s  undisturbed, and downstream of which 
the   so lu t ion   f rom  po in t s  on t h e  body f o r  which zb> 1 is  v a l i d .  The 
second-order  theory  then  predic t s  the  shock  to  or ig ina te  a t  t h e  
s l i g h t l y  d i s p l a c e d  p o i n t ,  
A shock i s  formed i n  t h e  f l o w  f i e l d  when c h a r a c t e r i s t i c s  coming 
To i n t e r p r e t  t h i s  i n  t e r m s  of l o c a l  s t r u c t u r e ,  we must  look 
a t  the  geomet ry  o f  t he  ac tua l  cha rac t e r i s t i c s  i n  the  r eg ion  nea r  
the   po in t   o f   format ion .  When second-o rde r  e f f ec t s  a r e  inc luded  in  
t h e  c h a r a c t e r i s t i c  r e l a t i o n s ,  t h e  c h a r a c t e r i s t i c s  coming  from t h e  
fo rward   pa r t   o f   t he  body 0 < E,, 1 form  an  envelope  described 
pa rame t r i ca l ly  by 
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Figure 3.01: Geometry of Shock Origin  Problem. 
When t h e  c o e f f i c i e n t ,  
( 3 . 5 8 )  
is pos i t ive ,  the  envelope  appears  as i n  F i g u r e  3 .02 ,  and a shock i s  
formed t o  i n t e r c e p t  t h e  c h a r a c t e r i s t i c s  b e f o r e  t h e  e n v e l o p e  i s  formed. 
The shock begins  with zero s t rength and the  f low is undisturbed ahead 
of   the  shock.  Beyond the   po in t   co r re spond ing   t o  , the   shock i s  
de termined  by  the  appropr ia te  re la t ims  be tween the  f ree-s t ream char -  
a c t e r i s t i c s  and those  coming  from the  expans ive  pa r t  o f  t he  body 
( Eb> 1 ) as in   t he   r egu la r   s econd-o rde r   t heo ry .  If t h i s  s l o p e  i s  
continued.  back t o  = Pz t h e  s h i f t  i n  v i r t u a l  o r i g i n  i s  e x a c t l y  7 
(3.59) 
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whence, the second-order  theory is c o r r e c t  i n  t h i s  g l o b a l  s e n s e .  
Figure 3 .02 :  S t ruc tu re   o f  Shock Or ig in  ( x 0) .
When t h e   c o e f f i c i e n t ,  k , i s  negat ive ,   the   envelope   appears  
as i n  F i g u r e  3 . 0 3 .  The shock  begins  with  zero  strength  and i t s  
e a r l y  development  occurs  with  disturbed  flow on bo th  s ides .  S ince  
the shock i s  now formed f o r  Y c pz , t h e  v i r t u a l  o r i g i n  a t  7 = 
i s  merely  the  value  of  €sh a t  t h a t   p o i n t .  I t  i s  
E," = 5 = (3.60) 
again showing the second-order  theory to  be global ly  correct .  
t h e  f i r s t - o r d e r  t h e o r y ,  starts a t  t h e  p o i n t  ( 0 Pz), and t h e  
predicted second-order  displacement  is zero.  
When t h e   c o e f f i c i n t ,  X , i s  zero,   the   shock  again,  as i n  
26 
shock 
virtual 
origin 
4 
1/2 
characteristics 
Figure 3.03: S t r u c t u r e  of Shock Or ig in  ( X c O ) .  
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Chapter Four 
The Theory for  Fini te  Systems 
4 . A .  In t roduc t ion  
The s tudy  o f  p l ana r  f lows ,  wh i l e  i n t e re s t ing  pedagog ica l ly ,  is 
o f  l i t t l e  p r a c t i c a l  v a l u e ,  s i n c e  any body we are l i k e l y  t o  c o n c e i v e  
f o r  s u p e r s o n i c  f l i g h t  w i l l  most cer ta inly not  look two-dimensional  
from the  l a rge  d i s t ances  wi th  which we are  pr imari ly  concerned.  Thus,  
it i s  impor t an t  t ha t  we should consider  the problem of  wave s t r u c t u r e  
for  f lows about  bodies  which are of  f in i te  ex ten t  (and ,  perhaps ,  look  
somewhat l i k e  r e a l  a i r p l a n e s ) .  
symmetr ic  f lows ,  s ince  these  may s t i l l  be descr ibed with only two in -  
dependent   var iab les .  The considerat ion  of   axial ly   symmetr ic   f lows i s  
important  for  another  reason,  however ,  and this  is because they hold 
t h e  k e y  t o  d e s c r i p t i o n  o f  t h e  wave s t r u c t u r e  f o r  f l o w s  a b o u t  more gen- 
e r a l  b o d i e s .  T h i s  i s  sugges t ed  by  the  r e su l t  o f  Hayes  (1947) t h a t ,  
f o r  f i n i t e  p l a n a r  s y s t e m s ,  t h e  p e r t u r b a t i o n s  i n  any azimuthal plane 
l o o k ,  t o  f irst  o rde r ,  l i k e  those from some equiva len t  body of revo- 
l u t i o n ,  i f  t he  obse rve r  i s  s u f f i c i e n t l y  d i s t a n t  from the system. 
(This i s  the  so -ca l l ed  supe r son ic  "area ru le" ,  f irst  used  fo r  ca l -  
c u l a t i n g  wave d rags ) .  A similar r e s u l t  may be  obta ined  for  bodies  
whose every  la te ra l  d imens ion  i s  small ( s lender  bodies ) ,  wi th  the  
a d d i t i o n a l  s i m p l i f i c a t i o n  t h a t  t h e  " e q u i v a l e n t "  body o f  r e v o l u t i o n  
i s  t h e  same i n  a l l  azimuthal   planes .   Thus,   s ince a genera l  body may 
be  thought  to  be  made up of  su i tab ly  a r ranged  s lender  and p lanar  bodies ,  
t h e  r e s u l t  h o l d s  f o r  q u i t e  g e n e r a l  f i n i t e  b o d i e s .  
Now t h e s e  r e s u l t s  are based upon the  la rge-d is tance  asymptot ic  
behavior  of  the  loca l  ( s t ra ight forward  per turba t ion)  so lu t ion  -- and 
t h i s  i s  exac t ly  what i s  used to  provide the inner  boundary condi t ion 
on t h e  wave s t r u c t u r e  s o l u t i o n .  Thus ,   t he   f i r s t -o rde r  wave s t r u c t u r e  
depends  upon the  az imutha l  angle  only  as a parameter,  which enters by 
m a t c h i n g  w i t h  t h e  l o c a l  s o l u t i o n  i n  t h e  a p p r o p r i a t e  p l a n e  (Hayes (1954)) 
We s h a l l  refer  t o  t h i s  p r o p e r t y  as quasi-axisymmetry. 
which t o  s t u d y  t h e  wave s y s t e m s  f o r  f i n i t e  b o d i e s  i s  a cy l ind r i ca l  one ,  
a l igned   wi th   the   f rees t ream.   Thus ,   the   equat ions   for   the  wave s t r u c t u r e  
a r e  e x p r e s s e d  i n  a cy l ind r i ca l  coord ina te  sys t em,  wi th  the  l a te ra l  (or 
r a d i a l )  c o o r d i n a t e  p r o p e r l y  c o n t r a c t e d  t o  a l l o w  c o n s i d e r a t i o n  o f  cumu- 
l a t i v e  n o n l i n e a r i t i e s .  The inner   boundary  condi t ion is then  provided 
by  asymptot ic  matching  wi th  the  loca l  so lu t ion .  
lu t ions   o f   any   genera l i ty .   Only   for   f lows   over   bodies   o f   revolu t ion  
does a reasonably  complete  second-order  theory  exist .   Thus,  we s h a l l  
c o n s i d e r  i n  d e t a i l  t h e  m a t c h i n g  f o r  t h e s e  f l o w s ,  and t h e n  b r i e f l y  d i s -  
cuss  the nature  of  problems encountered for  f lows about  non-axisymmetr ic  
and planar  bodies .  
The e a s i e s t  problems of t h i s  t y p e  t o  a n a l y z e  are those  of a x i a l l y  
Th i s  p rope r ty  sugges t s  t ha t  t he  appropr i a t e  coord ina te  sys t em in  
We are hampered i n  t h i s  s e n s e  by a lack of  local  second-order  so-  
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F i n a l l y ,  it w i l l  be  seen  tha t  the  loca l  second-order  so lu t ion  
determines only a one-and-one-half-order  solut ion in  the wave s t r u c -  
t u re  r eg ion .  The t h i r d - o r d e r  l o c a l  s o l u t i o n  i s  r e q u i r e d  t o  d e t e r -  
mine the  second-order  wave s t r u c t u r e   s o l u t i o n .   T h i r d - o r d e r   l o c a l  
so lu t ions  can  be  ob ta ined  on ly  fo r  t he  s imples t  con ica l  geomet r i e s  
a t  the  p re sen t  time. 
4. -I B. ~"."" Equations  and Shock Re la t ions  
The quasi-axisymmetry of  the f i rs t -order  wave s t ruc tu re  sug -  
ges t s  the  coord ina te  sys tem 
f o r  d e s c r i p t i o n  of the  wave systems emanating from f i n i t e  s y s t e m s .  
I t  i s  e s s e n t i a l l y  a cy l ind r i ca l  coord ina te  sys t em,  a l igned  wi th  
the  f r ees t r eam,  wi th  the  r ad ia l  coord ina te  con t r ac t ed  to  a l low 
cons idera t ion  of cumula t ive   nonl inear   e f fec ts .  We in t roduce   t he  
reduced  poten t ia l  
which au tomat ica l ly  accounts  for  the  geometr ic  a t tenuat ion  of  cy l in-  
d r i c a l  waves,  and i s  of  order  un i ty  throughout  the  wave s t r u c t u r e  
reg ion .  
Thus, t h e  p o t e n t i a l . e q u a t i o n  becomes 
We in t roduce  the  expans ion  fo r  t he  po ten t i a l  
(4.04) 
(where t h e  %-- term is i n c l u d e d  t o  s a t i s f y  t h e  m a t c h i n g  r e q u i r e -  
ment wi th  the  loca l .  second-order  so lu t ion)  and  ar r ive  a t  t h e  set  
of equations 
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. . .". 
= 0, (4.05) 
become 
and 
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where (2.21) has been differentiated along the shock surface,  and 
a l l  quant i t ies  have  been  eva lua ted  on t h e  f i r s t - o r d e r  shock surface,  
E z xu , by a mean-surface  approximation. 
The f i r s t - o r d e r  r e l a t i o n s ,  (4 .09)  and (4 .10)  may be  combined 
t o  g i v e  
and 
(4.16) 
where yoF i s  t h e  mean of %Y! on e i t h e r   s i d e   o f   t h e   s u r f a c e .   T h i s  
l a t t e r  r e l a t i o n s h i p  i s  recognlzed as t h e  b i s e c t o r  law, wh i l e  t he  
former may be  combined wi th  the  f irst  in t eg ra l  o f  t he  equa t ion  o f  
motion (4.05) t o  g i v e  
“- 
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( 4 . 1 7 )  
everywhere i n  t h e  f l o w  f i e l d ,  i n  a n a l o g y  w i t h  t h e  p l a n a r  r e s u l t .  
T h i s  r e l a t i o n  will aga in  be  ex t r eme ly  use fu l  i n  s impl i fy ing  the  
second-order problem. 
may be  combined t o  g i v e  
The one-and-one-half-order   shock  re la t ions  (4 .11)  and  (4.12) 
where t h e  r e s u l t  
(4.18) 
(4.19) 
o b t a i n a b l e  d i r e c t l y  f rom (2.21)  and the fact  that  *yL s a t i s f i e s  
(4.06)  have  been  used. The fo rmer   r e su l t ,   ( 4 .18 ) ,  combined with 
t h e  f irst  i n t e g r a l  of (4.06)  give  the  one-and-one-half-order 
analogue  of  (4.17): 
(4.20) 
everywhere i n  t h e  f l o w  f i e l d .  
Combining t h e  two second-order  shock  re la t ions  ye i lds  
where t h e  r e s u l t  
(4.22) 
has  been  used, as well as (4.05) ,   (4 .06) ,   (4 .17)   and  the  resul t  
(4.23) 
The resu l t  (4 .17)  may be  used  to  s impl i fy  the  second-o rde r  
equat ion  to  the  form 
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For convenience, we  here  summarize  the  equations and shock 
relations  in  final  form  for  the  first-order  problem: 
for  the  one-and-one-half-order  problem: 
\ 
> 
(4.05) 
(4.15) 
(4.16) 
(4.06) 
(4.18) 
(4.25) 
and for the  second-order  problem: 
(4.26) 
I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  as t h e  wave propagates  away 
from t h e  body,  geometr ic  effects  and wave i n t e r a c t i o n  e f f e c t s  re- 
main of   comparable   magni tude  in   the  second-order   equat ion.   This  
i s  seen from the fac t  t h a t ,  a t  l a r g e  d i s t a n c e s ,  t h e  wave reg ion  
w i l l  be  approx ima te ly  pa rabo l i c  i n  the  F-7 plane ;  i .  e . ,  7 w i l l  
s c a l e  as the   square   o f  . (This i s  b e c a u s e   t h e   c h a r a c t e r i s t i c s  
are s t r a i g h t  l i n e s  i n  t h e  E-7 p lane ,  and a t  l a rge  d i s t ances  the  
body appears as a p o i n t .  Thus the  shocks,   which  def ine  the wave 
ex ten t ,  a r e  approx ima te ly  the  b i sec to r s  o f  a cen te red  f an  and 
p a r a l l e l  l i n e s  ( t h e  f r e e s t r e a m  c h a r a c t e r i s t i c s ) ;  t h e y  are there-  
f o r e   n e a r l y   p a r a b o l i c . )  Thus the   t e rm 
which arises from t h e  wave i n t e r a c t i o n ,  must  remain of t he  same 
order of magnitude as t h e  t e r m  a r i s i n g  from the changing geometry, 
Thus, a t  even very large distances from the body, second-order 
wave s t r u c t u r e  e f f e c t s  are never dominated by the geometry, and 
b o t h  e f f e c t s  must be considered.  
4. C.  General   Solut ion 
The f i r s t - o r d e r  s o l u t i o n  is  almost  completely analogous to  
t h a t  i n  t h e  p l a n a r  case. The equat ion  (4. OS) h a s  c h a r a c t e r i s t i c s  
i n  any  azimuthal  plane,  8 , given  by 
(4.27) 
along  which A, is  cons tan t ,  whence t h e y  a r e  s t r a i g h t  l i n e s  i n  
the   az imutha l   p lane .  (Due t o   t h e  fact  t h a t  7 ° K  , how- 
ever ,  they  will no l o n g e r  b e  s t r a i g h t  i n  t h e  p h y s i c a l  p l a n e ,  b u t ,  
r a t h e r ,   p a r a b o l i c . )  Thus we w i l l  again  have 
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(4.28) 
where 
and F(Fb; 0) is a func t ion  to be  determined  by  matching  with 
t h e  f i r s t - q r d e r  l o c a l  s o l u t i o n  i n  t h e  a p p r o p r i a t e  a z i m u t h a l  p l a n e .  
The p o t e n t i a l  i s  then given by 
Shocks are i n s e r t e d  e x a c t l y  as i n  t h e  p l a n a r  case, by  in t eg ra t ing  
(4.16) i n  r e g i o n s  o f  o v e r l a p  o f  c h a r a c t e r i s t i c s  i n  t h e  E-q plane .  
The azimuthal   angle ,  8 , t h u s   e n t e r s   t h e   f i r s t - o r d e r   s o l u -  
t i o n  o n l y  as a parameter ,  and the  wave s t r u c t u r e  i n  any azimuthal 
p lane  i s  t h e  same as t h a t  f o r  some equivalent  body of  revolut ion.  
This  equivalent  body i s  def ined by matching with the local  solu-  
t i o n  i n  t h e  a z i m u t h a l  p l a n e  o f  i n t e r e s t .  
(4 .27 ) ,   and   t he   po ten t i a l ,  , i s  cons tan t   a long   these .  The 
equat ion may b e  w r i t t e n  
The one-and-one-half-order equation has the same c h a r a c t e r i s t i c s  
where t h e  a r b i t r a r y  f u n c t i o n  o f  i n t e g r a t i o n  h a s  b e e n  s e t  t o  z e r o  
by  (4.18)  and  the  application o f  t h e   i n i t i a l   c o n d i t i o n .   T h u s ,  
where G(€,; @ )  is to  be  de te rmined  by matching with the local 
second-order   so lu t ion .  The c o r r e c t i o n  t o  t h e  f i r s t - o r d e r  s h o c k  
shape i s  given by (4.25) .  
Again, as i n  t h e  f i r s t - o r d e r  s o l u t i o n ,  t h e  a z i m u t h a l  a n g l e  
e n t e r s  o n l y  as a parameter ,  and determines the plane in  which t h e  
matching i s  t o  be  done to  de t e rmine  G(xb;S). 
given by (4.27),  and the homogeneous p a r t  o f  t h e  s o l u t i o n  is  con- 
s t a n t   a l o n g  them. In tegra t ion   of   the   equat ion   (4 .24)   wi th   respec t  
t o  E g ives .  
The c h a r a c t e r i s t i c s  of  the second-order  equat ion are again 
35 
where t h e  s h o c k  r e l a t i o n  ( 4 . 2 1 )  determines 
(4 .34)  
and t h e  summation is again over  a l l  upstream shocks a t  any value 
of 7 . Thus, t h e  f irst  i n t e g r a l  may b e   w r i t t e n  
which may b e  i n t e g r a t e d  t o  g i v e  
The func t ion  fi(F,.; €9) i s  to  be determined by matching with the 
The second-order  cor rec t ion  t o  the shock shape i s  given by 
t h i r d - o r d e r  l o c a l  s o l u t i o n .  
(4.26) 
The azimuthal  angle  enters  the second-order  solut ion paramet-  
r i c a l l y  I n  t h e  d e t e r m i n a t i o n  o f  /f(FGQ), and a l so  through the  
dependence  of F and  upon 0 i n   t h e  p a r t i c u l a r   i n t e g r a l  
t e rms  o f  t he  so lu t ion .  
The un i fo rm va l id i ty  o f  t he  f in i t e -body  so lu t ion  a t  l a rge  
d i s t ances  from t h e  body may be seen from a comparison of the orders 
of magnitude of the various terms as we fo l low any  cha rac t e r i s t i c  
t o  i n f i n i t y .  Thus, f o r   l a r g e   d i s t a n c e s ,   t h e   f i r s t - o r d e r   s o l u t i o n  
g ives  
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while  the one-and-one-half-order  solut ion gives  
and the  second-order  so lu t ion  g ives  
(4.38) 
(4.39) 
Thus, it i s  s e e n  t h a t ,  i n  t h e  limit as r- 0, t h e  one-and-one- 
ha l f -o rde r  and  second-o rde i  con t r ibu t ions  to  the  so lu t ion  are always 
small compared t o  t h a t  o f  t h e  f i r s t - o r d e r  s o l u t i o n .  U n l i k e  t h e  
p l ana r  case, t h e  h i g h e r - o r d e r  s o l u t i o n s  a c t u a l l y  become small com- 
p a r e d  t o  t h e  f i r s t - o r d e r  s o l u t i o n  a t  l a rge  d i s t ances  (by a r a t i o  of 
approximate ly  the  inverse  square  root  of  the  d is tance  from the body) .  
Note a l s o  t h a t  t h e  s e c o n d - o r d e r  s o l u t i o n  grows loga r i thmica l ly  com- 
pa red   t o   t he   one -and-one -ha l f -o rde r   so lu t ion .   Thus ,   i n  a r igorous  
sense ,  the  t rue  second-order  so lu t ion  must  be  . inc luded  whenever t h e  
one-and-one-half-order  solut ion i s ,  a l t h o u g h  i n  p r a c t i c a l  c a s e s ,  
logar i thmic  terms may usua l ly  be  cons ide red  to  be  of o r d e r  u n i t y .  
The wave s t r u c t u r e  s o l u t i o n  i s  not,  however,  uniformly valid 
f o r  small 7 . This may be  seen  from  the  quation  for  the  second- 
o r d e r  p o t e n t i a l  (4.24) which.has  nonhomogeneous terms i n  r e c i p r o c a l  
powers OK 7 which w i l l  become l a r g e   f o r  small values   of  , Or, 
more d i r e c t l y ,  t h e  n o n u n i f o r m i t y  may be seen by comparing the second- 
o r d e r   s o l u t i o n  (4i36) w i t h   t h e   f i r s t - o r d e r   s o l u t i o n  (4.30). This 
comparison  shows t h a t  t h e  s e c o n d - o r d e r  c o n t r i b u t i o n  t o  t h e  p o t e n t i a l  
will be  o f  t he  same o rde r  as t h a t  of  t h e  f i r s t - o r d e r  s o l u t i o n  when 
o r ,  equ iva len t ly ,  
Thus, i n  t h e  r e g i o n  71 
ou t ,  and t h e  s o l u t i o n  
= 0(1), a separa te  expans ion  must  be  car r ied  
o f  t h i s  problem matched with t h a t  o f  t h e  wave 
s t r u c t u r e  problem. The s o l u t i o n  i n  t h i s  r e g i o n  is ,  of   course ,   the  
c lass ical ,  " s t r a igh t fo rward  pe r tu rba t ion t t  so lu t ion .  
the  nonuni formi ty  of  the  loca l  ( s t ra ight forward  per turba t ion  so lu t ion) ,  
i s  e x a c t l y  what l e d  t o  o u r  c h o i c e  o f  t h e  c o n t r a c t i o n  o f  r a d i a l  co- 
o r d i n a t e  t o  .be u s e d  i n  t h e  wave s t r u c t u r e  r e g i o n  s c a l i n g  ( a s  was done 
i n  S e c t i o n  2 . D .  f o r  t h e  p l a n a r  f l o w  c a s e ) .  
The r e v e r s e  of  the above procedure,  i .e. ,  an examination of 
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4.D. Matching  with  Local  Solution 
I n  o r d e r  t o  see how t h e  f u n c t i o n s  F(€'; e) , G(Fk;8) , and 
M(qb;9J are determined, i t  i s  necessa ry  to  look  a t  t h e  l o c a l  so- 
l u t i o n  i n  some d e t a i l .  The simplest   problem which i l l u s t r a t e s  t h e  
na ture  of  the  matching  involved  i s  tha t  of  the  f low over  an ax i -  
symmetric disturbance on  an i n f i n i t e  c y l i n d e r ,  a l i g n e d  t o  t h e  free- 
stream. Thus, i f  t h e  body s u r f a c e  i s  descr ibed  by 
t h e  p e r t u r b a t i o n  p o t e n t i a l ,  e x p r e s s e d  as 
i s  de te rmined  to  be  
(4.40) 
(4.41) 
(4.42) 
and 
The source  func t ions ,  ?+(a) and N [ h )  are determined by the first- and 
second-order boundary conditions 
(4.44) 
(4.45) 
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(See Van  Dyke (1952)).  The l o c a l  s o l u t i o n  i s  completely  determined 
once  these  Vo l t e r r a  in t eg ra l  equa t ions  are s o l v e d   f o r  ~ C A )  and ~ C A >  . 
T h i s  s o l u t i o n  may then  be  used  to  de t e rmine  the  wave s t r u c t u r e  s o l u -  
t i o n  by the matching principle of Lagerstrom which (fo1,lowing Van 
Dyke (1964)) states t h a t  
t h e  m-term inner  expansion of  ( the n- term outer  
expansion) = the  n- term outer  expansion of  
( the  m-term inner  expansion) .  
We will h e r e  c a r r y  t h e  m a t c h i n g  o n l y  t o  terms of second order 
i n  t h e  l o c a l  s o l u t i o n  ( o n e - a n d - o n e - h a l f - o r d e r  i n  t h e  wave s t r u c t u r e  
s o l u t i o n ) ,  s i n c e  t h e  t h i r d - o r d e r  l o c a l  s o l u t i o n  is no t  known. Thus, 
the one-and-one-half-order  outer  expansion of  the second-order  inner  
s o l u t i o n  i s  
where a subsc r ip t  i n  pa ren theses  ind ica t e s  t he  comple t e  so lu t ion  
f o r  t h e  p o t e n t i a l  t o  t h e  o r d e r  i n d i c a t e d ,  and t h e  s u b s c r i p t  on the  
p a r e n t h e s e s  i n d i c a t e s  t h e  r e g i o n  i n  which t h e  s o l u t i o n  i s  v a l i d .  
T h u s ,  e . g . ,  t h e  s u b s c r i p t  ( 1 ) i  s i g n i f i e s  t h e  s o l u t i o n  i n  t h e  i n n e r  
( o r  l o c a l )  r e g i o n ,  up t o  and inc luding  terms of s econd  o rde r  i n  tha t  
reg ion .  
t o  terms of  second order  in  the local  region is  then  
The one-and-one-half-order wave s t r u c t u r e  s o l u t i o n ,  expanded 
Expressing (4.47)  in  terms of  the wave s t r u c t u r e  v a r i a b l e s  f o r  com- 
par ison  with  (4 .46)   gives  
whence the  matching  requi res  - 
(4.49) 
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(4.50) 
Note, i n  p a r t i c u l a r ,  t h a t  t h e  l o c a l  s e c o n d - o r d e r  s o l u t i o n  d e -  
te rmines  only  the  one-and-one-ha l f -order  so lu t ion  in  the  wave s t r u c -  
t u r e  r e g i o n .  To determine  the  second-order  wave s t r u c t u r e ,  we would 
r e q u i r e  t h e  l o c a l  s o l u t i o n  t o  t h i r d  o r d e r ,  t h e  homogeneous p a r t  o f  
which would con t r ibu te  a term l i k e  
in  (4 .46 ) ,  which would match with a term l i k e  
(4.51) 
(4.52) 
in  (4 .48 )  to  de t e rmine  the  homogeneous t e rm in  the  second-o rde r  
so lu t ion   (4 .36 ) .  
4.E.  'General   Finite  Bodies 
The treatment of f lows about more g e n e r a l  f i n i t e  b o d i e s  i s  
severe ly  l imi ted  by  the  lack of a su f f i c i en t ly  gene ra l  s econd-o rde r  
loca l  theory .  This  i s  p r imar i ly  a r e s u l t  o f  t h e  i n a b i l i t y  t o  f i n d  
a c o m p l e t e  p a r t i c u l a r  i n t e g r a l  f o r  t h e  nonhomogeneous terms of the 
equat ion  when non-axisymmetric  terms  are  included. However, a few 
general  remarks may be  made about  these  f lows .  
a.  Quasi-cyl indrical   f lows 
For the flow over a near ly  ax isymmetr ic  per turba t ion  on an in -  
f i n i t e  cy l inde r  a l igned  wi th  the  f low,  it i s  u s e f u l  t o  t h i n k  o f  t h e  
body su r face  as descr ibed  by a F o u r i e r  s e r i e s .  TO i l l u s t r a t e ,  we 
w i l l  cons ider  on ly  the  f i r s t  term (e.g. ,  the  dipole)  of  such a s e r i e s ,  
though a l l  terms are of equal importance i n  d e t e r m i n i n g  t h e  wave 
s t r u c t u r e ,  s i n c e  h i g h e r - o r d e r  moments do not decay as i n  t h e  s l e n d e r  
body case   ( s ee   fo l lowing   s ec t ion ) .  Thus t h e  body i s  assumed t o  b e  
descr ibed  by 
(4.53) 
The f i r s t - o r d e r  s o l u t i o n  will then be of  the form 
40 
where a(>) and &(a\ a r e  r e l a t e d  t o  t h e  s h a p e  f u n c t i o n s  (VJ and 
fz(FL) by Volterra  integral  equat ions through the boundary condi t ion,  
which may be   appl ied  a t  A, The second-o rde r  l oca l  so lu t ion  w i l l  
have a similar form f o r  t h e  homogeneous terms, p l u s  p a r t i c u l a r  i n t e -  
g r a l s  o f  t h e  nonhomogeneous terms which we are u n a b l e  t o  c a l c u l a t e :  
- 
- n ] (4.55) 0 T - A + J W L  j w  
+ ( 7 a r t i r r b  ibte r a l  terhs) . 9 
Matching t h i s  w i t h  t h e  wave s t r u c t u r e  s o l u t i o n  r e s u l t s  i n  
(4.56) 
and 
The second-order   source  funct ions,  8, (a) and Ma(*) cannot   be   de te r -  
mined ,  however ,  s ince  the  comple te  par t icu lar  in tegra l  ( to  be  
used  in   applying  the  boundary  condi t ions)  i s  not  known. The second- 
o rde r  ou te r  behav io r  o f  t he  f i r s t -o rde r  l oca l  so lu t ion  ma tches  appro -  
p r i a t e l y  w i t h  t h e  i n n e r  b e h a v i o r  o f  t h e  wave s t r u c t u r e  s o l u t i o n ,  b u t  
the check cannot be made f o r  t h e  nonhomogeneous terms of the second- 
o r d e r  l o c a l  s o l u t i o n .  
As i n  t h e  a x i a l l y  symmetric case, t h e  l o c a l  t h i r d - o r d e r  s o l u t i o n  
i s  r equ i r ed  to  de t e rmine  the  wave s t r u c t u r e  s o l u t i o n  t o  s e c o n d  o r d e r .  
b.   Slender  bodv  f lows 
I 
1 For  f lows over  bodies  whose every cross-stream dimension i s  
' s m a l l ,  t h e   f o l l o w i n g   r e d e f i n i t i o n s  are u s e f u l .  We de f ine   t he   s l ende r -  
body p e r t u r b a t i o n  p o t e n t i a l  
41 
(4.58) 
and t h e  new parameter 
whence, with the expansion 
(4.59) 
(4.60:. 
the  equat ions of  Sect ion 4.B.  again descr ibe the wave s t r u c t u r e  
when $ is  everywhere  placed  by  and E i s  rep laced  by 
KT, * I n  t h i s  c a s e ,  a n  a d d i t i o n a l  s c a l i n g  r e g i o n  must be consid- 
e red  wi th in  the  loca l  r eg ion ,  i n  the  immedia t e  v i c in i ty  o f  t he  
body.   In   th i s   s lender -body  reg ion ,   rad ia l   ve loc i ty   per turba t ions  
are l a r g e  compared wi th   ax ia l   ones .  The s o l u t i o n  i n  t h i s  r e g i o n  
must then  be  matched  wi th  the  loca l  so lu t ion ,  which  in  turn  pro-  
v ides  the  inner  boundary  condi t ion  for  the  wave s t r u c t u r e  s o l u t i o n .  
The f i r s t -o rde r  s l ende r -body  so lu t ion  i s  a ha rmon ic  func t ion  in  
the  c ros s  p l ane ,  p lus  an a d d i t i v e  f u n c t i o n  o f  t h e  a x i a l  v a r i a b l e .  
Thus,  non-axisymmetric terms decay  r ap id ly ,  and  the  f i r s t -o rde r  
l o c a l   s o l u t i o n  i s  axisymmetric. The s l ende r -body   d ipo le   d i s t r i -  
bu t ion   con t r ibu te s   t o   t he   s econd-o rde r   l oca l   so lu t ion .   S ince  
t h e  f i r s t - o r d e r  l o c a l  s o l u t i o n  i s  axisymmetr ic ,  none of  the diff i -  
c u l t i e s  of :he p reced ing  (quas i - cy l ind r i ca l )  s ec t ion  appea r ,  and 
the  wavc s t r u c t u r e  s o l u t i o n ,  i n  p r i n c i p l e ,  may be determined ( to  
one-and-one-half   order) .  The s lender -body  quadr ipole   d i s t r ibu t ion ,  
as we l l  as p a r t i c u l a r  i n t e g r a l  t e r m s  a r i s i n g  from t h e  non-axisym- 
met ry  of  the  loca l  second-order  so lu t ion  w i l l  e n t e r  i n t o  t h e  t h i r d -  
o r d e r  l o c a l  s o l u t i o n ,  which is  needed to  de te rmine  the  second-order  
wave s t r u c t u r e  s o l u t i o n .  
c. F in i te   Dlanar   sys tems 
For  f lows  ove r  f in i t e  p l ana r  bod ie s ,  t he  loca l  t heo ry  ex i s t s  
o n l y  t o  f irst  o rde r  (Hayes (1947)).  The so -ca l l ed   " a rea   ru l e"  is 
a l a r g e - d i s t a n c e  l o c a l  t h e o r y  - -  which i s  e x a c t l y  what we need f o r  
matching  with  the wave s t r u c t u r e  s o l u t i o n .  I t  i s  based upon t h e  
fac t  t h a t  t h e  d i s t u r b a n c e  a t  a p o i n t  far  from a f i n i t e  p l a n a r  body 
is p r i m a r i l y  due t o  s o u r c e s  n e a r  t h e  i n t e r s e c t i o n  of the  forward  
Mach cone from the  poin t  of  in te res t  and  the .  p lanar  body,  and  tha t  
t h i s  r e g i o n  may be  shrunk to  a p o i n t ,  as viewed from the distanr 
p o i n t  o f  i n t e r e s t .  
42 
For  the  th ickness ,  o r  symmetrical, s o l u t i o n ,  we need consider 
on ly  volume sources ,  and  the  f i r s t -o rde r  d i s tu rbance  po ten t i a l  a t  
a p o i n t  ( E , F , F )  , i s  o f  t he  form 
(4.61) 
where t h e  i n t e g r a t i o n  i s  car r ied  out  over  the  reg ion  ups t ream of  
t h e  i n t e r s e c t i o n  o f  t h e  f o r w a r d  Mach cone from t h e  p o i n t  o f  i n t e r -  
est and t h e  p l a n e  o f  t h e  body  (assumed t o  b e  f= 0 ) ,  and a+ i s  
p r o p o r t i o n a l  t o  t h e  l o c a l  downwash due t o  t h e  t h i c k n e s s  d i s t r i b u t i o n .  
The one-term wave s t r u c t u r e  e x p a n s i o n  o f  t h i s  i n t e g r a l  may b e  e a s i l y  
shown t o   b e  
where 
and 
(4.62) 
(4.63) 
(4.64) 
Thus, we n o t e  t h a t  a t  l a r g e  d i s t a n c e s ,  t h e  p e r t u r b a t i o n  p o t e n t i a l  
from a p l a n a r  d i s t r i b u t i o n  o f  s o u r c e s  is  i d e n t i c a l  t o  t h a t  o f  an 
equiva len t   ax isymmetr ic   d i s t r ibu t ion ,   g iven   by  s + ( X ' >  . Note t h a t  
%t (A#) will depend  upon the  azimuthal   angle ,  8 , through  the 
d e f i n i t i o n   o f  A' . 
d i s t r ibu t ion  o f  e l emen ta ry  ho r seshoe  vo r t i ce s  may be  represented  
as 
S i m i l a r l y ,  f o r  t h e  l i f t i n g  p r o b l e m ,  t h e  p o t e n t i a l  due t o  a 
where is p r o p o r t i o n a l   t o   t h e   l o c a l  l i f t  c o e f f i c i e n t .  I n  t h e  
wave s t r u c t u r e  r e g i o n  t h i s  t a k e s  t h e  f o r m  
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I n  t h i s  case, the  az imutha l  ang le  en te r s  no t  on ly  in  desc r ib ing  the  
cu t s  ac ross  which t h e  i n t e g r a t i o n  w i l l  b e  c a r r i e d  o u t ,  b u t  e x p l i c i t l y  
i n  t h e  i n t e g r a n d .  
the lack of  a c o m p l e t e  p a r t i c u l a r  i n t e g r a l ,  b u t  it may be  no ted  tha t  
t h e  homogeneous p o t e n t i a l  will a l s o  b e  o f  t h e  form (4.61) o r  (4.65) 
and w i l l ,  i n  t h e  m a t c h i n g  w i t h  t h e  wave s t r u c t u r e  s o l u t i o n  d e t e r m i n e  
the  one-and-one-half-order   solut ion Cj(y . ). 
4 .F .   L igh th i l l   r eg ion  
Again,  the second-order  local  problem cannot  be solved due to  
4, e 
The broad  th i rd-order  wave found i n  t h e  p l a n a r  case behind the 
t r a i l i n g  s h o c k s  a l s o  e x i s t s  i n  t h e  f i n i t e  body case ,  w i th  a cumulative 
e f fec t  o f  second order .  The wave i n  t h i s  case i s  even  broader  in  the  
phys ica l  space ,  and the  L igh th i l l  r eg ion  de f ined  by  
co r re sponds  to  
x = 0 ( 7 ; ' O )  
(4.67) 
(4.68) 
i n  t h e  p h y s i c a l  p l a n e .  The s t r eng th  o f  t he  wave cannot  be deter-  
mined as i t  was i n  t h e  p l a n a r  c a s e ,  however,  due t o  t h e  f a c t  t h a t  
the geometry now en te r s  t he  cha rac t e r i s t i c  equa t ions ,  p rec lud ing  
d i r e c t  i n t e g r a t i o n .  The s t r eng th  migh t  be  de t e rmined  fo r  spec i f i c  
examples ,  bu t  the  grea t  d i s tance  a t  which t h e  i n t e r a c t i o n  w i t h  t h e  
rear shock wave o c c u r s  j u s t i f i e s ,  i n  some sense ,  i t s  neg lec t .  
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Chapter Five 
Summary and Concluding Remarks 
A second-o rde r  pe r tu rba t ion  theo ry  fo r  t he  inv i sc id ,  supe r son ic  
flow of a gene ra l  f l u id  pas t  a -body  has  been  p resen ted ,  w i th  pa r t i c -  
u l a r  emphasis on the  behav io r  o f  t he  wave systems a t  l a rge  d i s t ances  
from t h e  body. 
The t h e o r y  j u s t i f i e s  c o n f i d e n c e  i n  t h e  f i r s t - o r d e r  t h e o r y  (which 
i s  a s t a n d a r d  t o o l  i n  a l l  son ic  boom work), by showing that i t  i s  t h e  
first term i n  an asymptot ic  approximation scheme,  val id  in  the limit 
of  vanishing body th i ckness ,  and  g ives  add i t iona l  i n s igh t  i n to  the  
na ture   o f   tha t   approximat ion .  The theo ry  a l so  p rov ides  inc reased  nu- 
mer i ca l  accu racy  fo r  f lows  abou t  bod ie s  o f  f in i t e  t h i ckness  in  the  
examples  ca lcu la ted ,  p rovided  the  d is turbances  are n o t  t o o  l a r g e .  
The theory  of  p lanar  f lows  genera l ly  conf i rms  the  resu l t s  of 
F r i ed r i chs  (1948) , as co r rec t ed  and extended  by  Lighthil l   (1954).  An 
e r r o r  i s  p o i n t e d  o u t  i n  t h e  l a t t e r  work,  wherein the posi t ion of  the 
r e a r  shock a t  ve ry   g rea t   d i s t ances  is  i n c o r r e c t l y  g i v e n .  I t  i s  a l s o  
demons t r a t ed  tha t  fo r  shocks  o r ig ina t ing  wi th in  the  f low f i e ld ,  t he  
p r e d i c t e d  s e c o n d - o r d e r  s h i f t  i n  p o i n t  of o r i g i n  c o r r e s p o n d s  t o  t h e  
s h i f t  i n  v i r t u a l  o r i g i n  n e c e s s a r y  t o  a c c o u n t  f o r  t h e  l o c a l  s t r u c t u r e  
n e a r  t h a t  p o i n t  (which s t ruc tu re  the  p re sen t  t heo ry 'does  no t  p red ic t ) .  
The theory   o f   f lows   about   f in i te   sys tems i s  e s s e n t i a l l y  new. O f  
par t icu lar  impor tance  i s  t h e  fact  t h a t  t h e  l o c a l  s o l u t i o n  ( i . e . ,  t h a t  
va l id  ne& the  body,  where  the  cy l indr ica l 'na ture  of t h e  waves is 
e s s e n t i a l )  must be known t o  t h i r d  o r d e r  t o  d e t e r m i n e  t h e  s e c o n d - o r d e r  
wave s t r u c t u r e   s o l u t i o n .  An in t e rmed ia t e ,  homogeneous solut ion  ( termed 
of one-and-one-half  order) i s  determined from matching with the local  
second-order   solut ion.   Numerical   resul ts   f rom  the  calculat ion  of   the 
shock  pos i t i on  in  a c o n i c a l  f l o w  i n d i c a t e  t h a t  a p p r e c i a b l e  i n c r e a s e  i n  
numerical  accuracy i s  obta ined  only  when t h e  f u l l  s e c o n d - o r d e r  s o l u t i o n  
is  ca l cu la t ed .  The o n e - a n d - o n e - h a l f - o r d e r   s o l u t i o n   o f f e r s   l i t t l e  i m -  
p rovement  over  the  f i r s t -order  theory .  
The wave s t r u c t u r e  t h e o r y ,  as presented ,  i s  e s sen t i a l ly  comple t e  
fo r  t he  l a rge  d i s t ance  behav io r  o f  t hese  sys t ems .  Ex tens ion  o f  t he  
t h e o r y  t o  t h i r d  o r d e r  would probably not  be worthwhile .  Such a theory 
would not  necessar i ly  g ive  increased  numer ica l  accuracy  even  i f  i t s  
a lgeb ra i c  hu rd le s  cou ld  be  overcome,  and t h e  e s s e n t i a l  n a t u r e  of t h e  
higher  approximations i s  i l l u s t r a t e d  i n  t h e  s e c o n d - o r d e r  t h e o r y .  
The most u se fu l  avenue  fo r  fu r the r  s tudy  is cons ide ra t ion  o f  t he  
second approximation for  non-axisymmetr ic  bodies  in  the local  region.  
Only the  outer  asymptot ic  behavior  of t h i s  s o l u t i o n  i s  r e q u i r e d  t o  
determine  the  corresponding wave s t ruc ture .   Determina t ion  of t h e  l o c a l  
t h i r d - o r d e r  s o l u t i o n  i s  p robab ly  no t  f eas ib l e .  
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Appendix A 
The Existence of a V e l o c i t v  P o t e n t i a l  
An i r r o t a t i o n a l  v e c t o r  f i e l d ,  i . e . ,  one having zero curl ,  may 
be descr ibed as everywhere the gradient of a s i n g l e  scalar func t ion ,  
c a l l e d  t h e  p o t e n t i a l .  The i r r o t a t i o n a l i t y  o f  t h e  f i e l d  i s  a neces- 
s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  s u c h  a p o t e n t i a l .  
We will now inves t iga t e  the  cond i t ions  unde r  which t h e  v e l o c i t y  f i e l d  
i n  o u r  p a r t i c u l a r  problem i s  i r r o t a t i o n a l .  
S ince  we assume the  f low to  be  inv i sc id  and i n i t i a l l y  u n i f o r m  
( a n d  h e n c e  i r r o t a t i o n a l ) ,  v o r t i c i t y  may be  genera ted  wi th in  the  f low 
f i e l d  o n l y  a t  curved shocks,  where entropy gradients  are  incurred.  
The v o r t i c i t y  i s  r e l a t e d  t o  t h e s e  e n t r o p y  g r a d i e n t s  f o r  a homocom- 
p o s i t i o n a l ,  i n v i s c i d  f l o w  by the Crocco-Vaszonyi theorem 
where 
(A. 01) 
(A. 02) 
i s  t h e  v o r t i c i t y .  Thus, for  our  homoenergetic  f low,  the  magnitude 
o f  t h e  v o r t i c i t y  may be est imated by 
Ti  v s  
U I- - 1 (A. 03) 
which,  using our  quant i ta t ive expression for  the entropy jump a t  
weak shock waves , (2.23) , becomes 
(A.  04) 
Using equation (2.28) for the normal component o f  t he  ve loc i ty ,  
t h i s  becomes 
(A.  OS) 
This  g ives  fo r  t he  magn i tude  o f  t he  vo r t i c i ty  in  the  p l ana r  
case , 
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""t. v 
t- (A. 06) 
a n d  f o r  t h e  f i n i t e  s y s t e m  c a s e ,  
E', i7 . 
,T - c (A. 07) 
We can now c a l c u l a t e  t h e  m a g n i t u d e  o f  t h e  v o r t i c i t y  i n  a more 
gene ra l   ( ro t a t iona l )   f l ow.   Th i s  is a f l o w  f o r  which a p o t e n t i a l  
does not e x i s t ,  hence  the  magni tude  of  the  vor t ic i ty  i s  given by 
terms o f  t h e  s o r t  
These may be  e s t ima ted  by  ca l cu la t ing  the  c ros s  de r iva t ive  t e rms  in  
t h e  p o t e n t i a l  a n a l y s i s .  The v o r t i c i t y  i s  then found to  be of  order  
C 
i n  t h e  p l a n a r  c a s e ,  and of  order  
E5M4-r3V 
- "P' 
(A. 0 8 )  
(A.  0 9 )  
i n  t h e  f i n i t e  body case  on ly  in  the  th i rd -o rde r  so lu t ions .  
Thus ,  t he  ve loc i ty  po ten t i a l  may be used with no loss in gen- 
e r a l i t y  f o r  d e s c r i b i n g  t h e s e  f l o w s  t o  s e c o n d  o r d e r .  
From the above,  it i s  s e e n  t h a t  v o r t i c i t y  must be taken into 
accoun t  i n  the  th i rd -o rde r  p rob lem,  and a ve loc i ty  po ten t i a l  can -  
n o t  b e  u s e d  t o  d e s c r i b e  t h e  t h i r d - o r d e r  wave behind  the  body. How- 
e v e r ,  i n  t h e  r e g i o n  of i n t e r a c t i o n  of t h i s  wave wi th  the  rear shock 
on the other side of the body, the shock strength has decayed suf- 
f i c i e n t l y  t h a t  t h e  v o r t i c i t y  i s  of o rde r  
(A. 10) 
for  the  p lanar  case ,  whereas  i t  is  of order  
G 
(A. 11) 
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on ly  in  the  th i rd  approx ima t ion  in  the  co r re spond ing  ro t a t iona l  f l ow.  
Thus ,  t he  ve loc i ty  po ten t i a l  may be used t o  s t u d y  t h i s  i n t e r a c t i o n ,  
which appears as a second-order effect  i n  t h i s  r e g i o n .  
more d i s t a n t ,  w i t h  a c o r r e s p o n d i n g l y  g r e a t e r  d e c r e a s e  i n  t h e  v o r t i c -  
i t y .  I n  t h i s  r e g i o n  it is o f   o rde r  
For f lows  abou t  f in i t e  sys t ems ,  t he  L igh th i l l  r eg ion  i s  even 
K '\fp V 
c I (A. 12) 
whence it  must  be accounted for  only in  the ninth approximation.  
The vo r t i c i ty  in  the  second  approx ima t ion  to  the  co r re spond ing  
ro t a t iona l  f l ow i s  of  order  
(A. 13) 
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Appendix B 
An ExamDle: The C i r c u l a r - a r c   A i r f o i l  
We c o n s i d e r  t h e  s o l u t i o n  f o r  t h e  wave s t ructure  emanat ing from 
a symmet r i c ,  b i convex  a i r fo i l , -o f  c i r cu la r  arc s e c t i o n .  The body 
shape funct ion i s  then  
(B .  01) 
= o  
and only the f low above the airfoi l  w i l l  be  considered,  as the flow 
i s  symmetric about the axis 7- 0 . 
f i n e d  by t h e  v e r t i c a l  c h a r a c t e r i s t i c s  f o r  (Eb/ > b ~ ,  and 
From equat ion (3.35) we have t h a t  = 0 in  the   reg ions   de-  
( B .  C 2 )  
i n  t h e  A g i o n  swept out by characterist ics from the body where, 
from ( 3 . 3 4 )  
whence 
(B.  0 3 )  
(B.  04) 
These  cha rac t e r i s t i c s  form a f a n - l i k e  p a t t e r n  and overlap the ver- 
t i c a l  c h a r a c t e r i s t i c s  from  ahead  and  behind  the  body.  Shocks  must 
be  in se r t ed  to  r ende r  the  so lu t ions  un ique ,  and ,  by  ( 3 . 1 2 )  must  obey 
(B. 0 5 )  
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whence 
E6 = i - f . d T  , (B. 06) 
where the upper and lower signs refer t o  t h e  l e a d i n g  and t r a i l i n g  
shocks   respec t ive ly .  I t  is s e e n  t h a t  t h e  f i r s t - o r d e r  wave p a t t e r n  
i s  symmetr ic  about  the  ver t ica l  ax is  ( T = 0 ) f o r  t h i s  symmetric 
( fo re  and a f t )  p r o f i l e .  The s t r eng ths  o f  t he  shocks  a re  g iven  as 
a func t ion  of  7 by 
and a r e  s e e n  t o  v a r y  as the  inverse  square  root  of  the  d is tance ,  
f o r  l a r g e  d i s t a n c e s ,  a well-known r e s u l t  f o r  p l a n a r  f l o w s  a b o u t  
gene ra l  s ec t ions .  
character is t ics  upstream of  the leading shock,  and i s  by (3.42) 
and (B.03) 
The second-order  solut ion i s  a l s o  zero along the freestream 
in the region between the shocks,  and 
(B.08) 
(B.  0 9 )  
beh ind   t he   t r a i l i ng   shock .  The second-order  shock  displacement i s ,  
by  (3.18) 
f o r  e i t h e r  t h e  l e a d i n g  o r  t r a i l i n g  s h o c k .  The second-order   incre-  
ment t o  the  s t r eng th  o f  t he  shock  i s  thus  
50 
which, fo r  l a rge  d i s t ances  behaves  as 
(B. 12)  
and i s  seen  to  inc rease  the  s t r eng th  o f  t he  l ead ing  shock ,  and  de -  
c r e a s e  t h a t  o f  t h e  t r a i l i n g  s h o c k  ( s i n c e  t h e  c o e f f i c i e n t  i n  p a r e n -  
theses  i s  p o s i t i v e  f o r  t y p i c a l  g a s e s ) .  
a lone ,  whence t h e  p r e s s u r e  i n  t h i s  r e g i o n  i s  zero  to  second order .  
That @, is  not   zero ,   bu t  a func t ion   of  , h i n t s   t h a t   t h e r e  
i s  a wave of t he  r igh t - runn ing  (o r  r e tu rn ing )  f ami ly  tha t  i s  l o c a l l y  
o f  t h i r d  o r d e r  i n  s t r e n g t h ,  b u t  h a s  a cumulat ive effect  of  second 
order .  The behav io r  o f  t h i s  wave cannot  be calculated using the 
ve loc i ty  poten t ia l ,  however ,  s ince  the  ve loc i ty  and  en t ropy  per tur -  
ba t ions  are of  the  same o r d e r  i n  t h i s  r e g i o n .  
r e s u l t s  c o n s i s t e n t  t o  s e c o n d  o r d e r  f o r  c e r t a i n  g l o b a l  i n t e g r a l s  
r e l a t i n g  t o  l i f t  and  d rag  o f  t he  a i r fo i l ,  and a l so  because  it even- 
t u a l l y  i n t e r s e c t s  t h e  rear shock on t h e  o t h e r  s i d e  of t h e  a i r f o i l ,  
a l t e r i n g  i t s  pos i t ion   to   second  order .   ( In   the   symmetr ic   case   under  
cons ide ra t ion ,  t he  wave may be imagined t o  b e  r e f l e c t e d  a t  t h e  l i n e  
of symmetry ( t h e  E - a x i s )  and  thus  even tua l ly  in t e rac t  w i th  the  
upper   ear   shock.)   See  f igure B . O 1 .  
a i r f o i l ,  and a t  such dis tances  that  the shock has  decayed suff i -  
c i e n t l y  f o r  a v e l o c i t y  p o t e n t i a l  t o  a g a i n  e x i s t  t o  t h e  o r d e r  r e -  
q u i r e d  t o  s t u d y  t h e  i n t e r a c t i o n .  T h u s ,  a p o t e n t i a l  a n a l y s i s  may be 
u s e d  t o  s t u d y  t h e  i n t e r a c t i o n ,  b u t  v o r t i c i t y  must be taken into 
a c c o u n t  i n  d e t e r m i n i n g  t h e  i n i t i a l  s t r e n g t h  o f  t h e  wave. 
ro t a t iona l )  supe r son ic  f low are t h a t  
Behind t h e  t r a i l i n g  s h o c k ,  t h e  p o t e n t i a l  i s  a func t ion  of  '1 
This wave is  o f  i n t e r e s t  b e c a u s e  i t  must be included to give 
This  in te rac t ion  occurs  only  a t  v e r y  g r e a t  d i s t a n c e s  from the  
The c h a r a c t e r i s t i c  e q u a t i o n s  f o r  s t e a d y ,  p l a n a r ,  i n v i s c i d  ( b u t  
a 1 ong 
(B. 13) 
(B.  14) 
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primary 
system 
Figure B . O 1 :  Wave Systems  associated  with Body i n  
Supersonic  F l igh t .  
Subs t i t u t ing  expans ions  in  terms of our wave s t r u c t u r e  v a r i a b l e s ,  we 
f i n d  i n  t h e  r e g i o n  b e h i n d  t h e  t r a i l i n g  shock, t h a t  t h e  q u a n t i t y  
( B .  15) 
i s  cons t an t  a long  the  l i nes  
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(B .  16) 
The i n v a r i a n t  (B. 15) may be  ca lcu la ted  a t  t h e  rear shock and i s ,  
for  our  example,  
(B. 17) 
which,  upon r e f l e c t i o n  from t h e  ]E- a x i s ,  g i v e s  a wave of s t r e n g t h  
which i s  propagated  a long  l ines   of   constant  E ( l i nea r i zed   cha rac -  
t e r i s t i c s ) .  
Now, t h e  r e g i o n  i n  which t h i s  wave i n t e r a c t s  w i t h  t h e  rear 
shock i s  s o  d i s t a n t  from t h e  a i r f o i l  t h a t  t h e  s h o c k  h a s  d e c a y e d  t o  
t h e  p o i n t  where a p o t e n t i a l  a g a i n  e x i s t s ;  i . e . ,  the  en t ropy  per -  
t u rba t ions  are again small compared t o  t h e  v e l o c i t y  p e r t u r b a t i o n s  
i n  t h e  wave (B.  18).  (See  Appendix A) I n   t h i s   r e g i o n  (which we 
s h a l l  c a l l  t h e  L i g h t h i l l  r e g i o n ,  a f te r  t h e  d i s c o v e r e r  of i t s  i m -  
por tance (1954)) ,  we de f ine  the  new independent  var iables  
whence 
(B.  19) 
(B. 20) 
where the  jump i n  p o t e n t i a l  i s  t o  be calculated from (B.09)  and 
(B.18). From t h e  l a t t e r  we have 
o r  
(B.21) 
(B. 22) 
where the constant has been determined by matching the shock shape 
i n  t h i s  r e g i o n  w i t h  t h a t  i n  t h e  wave s t r u c t u r e  r e g i o n ,  u s i n g  t h e  
a s y m p t o t i c   p r i n c i p l e .   T h i s   p r o c e d u r e   r e s u l t s   i n  
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f o r  t h e  s e c o n d - o r d e r  c o r r e c t i o n  t o  t h e  l o c a t i o n  o f  t h e  t r a i l i n g  
shock .   For   very ,   very   l a rge   d i s tances   ( i . e . ,   l a rge  7 ),  t h i s  
becomes 
( B .  24) 
This last r e s u l t  d i f f e r s  from the  express ion  g iven  by Light- 
h i l l  (1954) f o r  t h e  a n a l o g o u s  q u a n t i t y  i n  h i s  a n a l y s i s  ( e q u a t i o n  
(4 .49 ) ) .  The q u a n t i t y  g i v e n  t h e r e  seems t o  c o r r e s p o n d  t o  t h e  s h i f t  
i n  t h e  r e a r  s h o c k  beyond t h a t  c a l c u l a t e d  e a r l i e r  by  Fr iedr ichs ,  and 
thus  must be  added t o  t h e  o r i g i n a l  c o e f f i c i e n t  K ( d e f i n e d  i n  h i s  
t e x t  between  equations  (4.09)  and  (4.10)).  Also,  since  only  the  rear 
shock is  a f f e c t e d  ( a  f a c t  n o t e d  e a r l i e r  i n  t h e  same a r t i c l e  by 
L i g h t h i l l )  t h i s  q u a n t i t y  mus t  be  mul t ip l i ed  by  the  r a t io  of t o t a l  
mass f lux  excess  in  the  s imple  wave t o  t h a t  i n  t h e  rear po r t ion  
(coming  from  downstream o f  the  peak  va lue  o f  t he  a i r fo i l ) .  Thus, 
i f  for  the  upper  shock  Lighth i l l ' s  equa t ion  (4 .49)  i s  replaced by 
our  resu l t s  a re  brought  in to  agreement .  
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Appendix C 
Mass and Momentum Fluxes i n  t h e  Wave Systems 
"" 
That  the theory presented here  gives  a c o n s i s t e n t  r e p r e s e n t a t i o n  
of  the f low a t  l a rge  d i s t ances  from t h e  body may be  ver i f ied  by  con- 
s ider ing  the  asymptot ic  form of  the  so lu t ion  as it r e l a t e s  t o  t h e  t o t a l  
f o r c e s  on t h e  body and t o  c o n s e r v a t i o n  o f  c e r t a i n  g l o b a l  i n t e g r a l s  
(such as m a s s  f lux) . .  S ince  the  broad  th i rd-order  wave behind the body 
( i n  t h e  L i g h t h i l l  r e g i o n )  h a s  a cumulative effect  o f  s econd  o rde r ,  t h i s  
must be  inc luded  in  the  ana lys i s .  We s h a l l  a g a i n  res t r ic t  o u r s e l v e s  t o  
planar  f lows,  where the complete  second-order  solut ion may be obtained,  
and the  s t r eng th  o f  t he  th i rd -o rde r  wave beh ind  the  t r a i l i ng  shocks  may 
be determined. 
We s h a l l  c o n s i d e r  i n t e g r a t i n g  mass and momentum fluxes around con- 
t o u r s  s u f f i c i e n t l y  f a r  removed  from t h e  body that  the asymptot ic  forms 
of t h e  s o l u t i o n s  may be used, and show how these  in tegra ls  cor respond 
to  conse rva t ion  of mass and momentum, thus  g iv ing  the  l i f t  and drag  
fo rces  on the  body.  Cons ider  the  cont ro l  volume shown i n  f i g u r e  C . 0 1 ,  
around which we w i l l  i n t e g r a t e  mass and momentum f l u x e s .  
a 
I"" 
I 
1 
I 
I 
f 
Figure  C.01:  Control Volume 
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There will be  no  con t r ibu t ion  to  the  f lux  in t eg ra l s  f rom a -b  o r  e-f 
s ince  the  f low i s  p a r a l l e l  t o  t h e  c o n t r o l  s u r f a c e s ;  t h e r e  will b e  
a con t r ibu t ion  f rom the  d i f f e rence  o f  f luxes  ac ross  c -d  and f -a  due 
t o  t h e  i n c r e a s e d  e n t r o p y  b e h i n d  t h e  wave systems; and there will be  
a con t r ibu t ion  f rom the  in t eg ra t ion  ac ross  the  p r imary  wave systems 
b-c and d-e. The effect  o f  t he  th i rd -o rde r  wave behind the body 
will be  accounted  for  as it a l t e r s  t h e  p o s i t i o n  o f  t h e  t r a i l i n g  
shocks,  and hence the contribution from the primary wave systems. 
t he  uppe r  ha l f -p l ane .  The excess  mass f l u x  i n  t h e  p r i m a r y  wave 
system i s  
For  the  symmet r i c  c i r cu la r - a rc  a i r fo i l ,  we need consider only 
Thus,   s ince 
and 
we have 
(C. 01) 
(C. 02) 
(C. 03) 
(C. 04) 
The excess  mass f l u x  i r l  the  en t ropy  wake r e g i o n ,  c - d ,  o v e r  t h a t  i n  
the  f rees t ream,  f -a ,  is  83 ven  by 
where the  sur face  has  been  taken  f a r  enough  downstream t h a t  p r e s s u r e  
pe r tu rba t ions   a r e   neg l ig ib l e .   S ince   en t ropy  i s  conserved  along 
s t r e m l i n e s ,  t h e  i n t e g r a l  may be taken a t  the shocks,  and using our  
expres s ion  fo r  t he  en t ropy  jump a t  a shock, ( C . 0 5 )  may be  wr i t t en  
(C .06 )  
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and is  seen  to  exac t ly  ba l ance  the  excess  mass f l u x  i n  t h e  p r i m a r y  
wave sys tem,  thus  conf i rming  tha t  mass i s  conserved i n  t h e  s o l u t i o n .  
Note t h a t  i n  (C.03) t he  va lue  of t h e  p o t e n t i a l  i n  t h e  L i g h t h i l l  
r eg ion ,  (3.53), has been used.  
a x i a l  p r e s s u r e  f o r c e  and t h e  d e f i c i t  o f  a x i a l  momentum f lux  through 
the   cont ro l   sur face .   In   the   upper   p r imary  wave sys t em,  th i s  i s  
given  by . 
The d r a g  o f  t h e  a i r f o i l  mus t  be  equal  to  the  resu l tan t  of  the  
w h i c h ,  f o r  o u r  c i r c u l a r - a r c  a i r f o i l  i s  
(C.  08) 
-& 
which  approaches  zero as (I+?) f o r   l a r g e  7 , and thus  con- 
t r i b u t e s  n o t h i n g  t o  t h e  d r a g .  The d e f i c i t  of a x i a l  momentum f l u x  
i n  t h e  e n t r o p y  wake i s  
where,  again,  the plane of  integrat ion 
downstream t h a t  p r e s s u r e  p e r t u r b a t i o n s  
(C. 0 9 )  
i s  assumed s u f f i c i e n t l y  f a r  
a r e   n e g l i g i b l e .  Thus, 
(C. 10) 
s u r f a c e  o f  t h e  a i r f o i l  which 
p res su re  t imes  the  ax ia l  
which i s  exac t ly  the  d rag  on the upper  
i s  obta ined  by  in tegra t ing  the  sur face  
component o f  t he  no rma l  to  the  su r face .  
l i f t ,  s i n c e  it i s  symmetric. To i n v e s t i g a t e  l i f t  f o r c e s ,  we con- 
s i d e r  a n  a i r f o i l  w i t h  t h e  same c i r cu la r - a rc  uppe r  su r face ,  bu t  
wi th  a f l a t  lower surface.  Thus t h e r e  will be  no wave system  from 
the lower surface,  and t h e  a i r f o i l  w i l l  have a net  (negat ive)  second-  
o rde r  l i f t .  The c o n t r o l  s u r f a c e  f o r  t h i s  a i r f o i l  is  shown i n  f i g u r e  
C.02; n o t e  t h a t  we have  inc luded  in tegra t ion  across  the  th i rd-order  
t a i l  wave, which now is p r o p a g a t e d  t o  i n f i n i t y  below t h e  s e c t i o n .  
The a i r f o i l  t r e a t e d  i n  t h e  p r e c e e d i n g  p a r a g r a p h s  h a s  no n e t  
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Figure  C.02:  Control Volume f o r  L i f t i n g  A i r f o i l  
Here,  the l i f t  f o r c e  must  be balanced exact ly  by the resul tant  
of v e r t i c a l  p r e s s u r e  f o r c e s  and momentum f luxes ,  in tegra ted  a round 
the  con t ro l  volume. We need   cons ider   on ly   the   in tegra t ion   across  
the pr imary wave sys tem,  b-c ,  and  the  re f lec ted  (Lighth i l l )  wave 
sys tem,   d -e ,   s ince   e l sewhere   the   cont r ibu t ions  are n e g l i g i b l e .  The 
con t r ibu t ion  due t o  i n t e g r a t i o n  a c r o s s  t h e  p r i m a r y  wave system is 
which f o r  our  case  i s  
(C. 12) 
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I n  t h i s  case, t h e r e  is no  "L igh th i l l  r eg ion"  e f f ec t  upon t h e  p o s i t i o n  
o f  t h e  t r a i l i n g  s h o c k ,  s i n c e  t h e r e  i s  no  r e f l ec t ed  wave coming  from 
.below t h e  a i r f o i l .  I n t e g r a t i o n  a c r o s s  t h e  t h i r d - o r d e r  wave coming 
from the upper,  primary system 
( C .  13) 
) 
which fo r  ou r  case  i s  
The sum of t h e s e  two i n t e g r a t e d  p r e s s u r e  f o r c e s  i s  thus  
(C. 14) 
(C. 15) 
which is  t h e  familiar Busemann r e s u l t  f o r  t h e  s e c o n d - o r d e r  l i f t  of 
t he  sec t ion  cons ide red .  
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Appendix D 
The S t r u c t u r e   o f  Shock Or ig in  __
We cons ider  the  second-order  s t ruc ture  near  the  poin t  of  forma- 
t i o n  o f  a shock  wi th in  the  f low f i e ld ,  and i t s  effect  upon t h e  p o i n t  
a t  which the  shock i s  f i rs t  formed.   S ince   the   charac te r i s t ics   a re  
no t  r ev i sed  a f te r  the  f irst  approximation, we cannot  hope for  the 
second-o rde r  t heo ry  to  g ive  de t a i l ed  loca l  i n fo rma t ion  a t  t h e  p o i n t  
of formation; however, we would hope t h a t  t h e  s o l u t i o n  a t  l e a s t  ap- 
proximates   any  such  local   behavior   in  some g loba l   sense .  Such is  
t h e  case, and we will, i n  f a c t ,  show t h a t  t h e  shock displacement pre- 
d i c t e d  by the second-order  theory a t  the  poin t  of  format ion  cor res -  
ponds e x a c t l y  t o  t h e  s h i f t  i n  v i r t u a l  o r i g i n  t h e  shock must have t o  
accoun t  fo r  t h i s  l oca l  behav io r .  
parabolic  compression-expansion bump. The f i r s t - o r d e r  t h e o r y  p r e -  
d i c t s  fo rma t ion  o f  a s h o c k  o f  f i n i t e  i n i t i a l  s t r e n g t h  f o r  t h i s  case 
wi th in   the   f low  f ie ld .   (See   F igure  D.01) 
To demons t r a t e  t h i s  f a c t ,  we cons ider  the  p lanar  f low over  a 
\ 
\ 
\ 
\ 
4 v2 \
1 2 
L-" f irst-order characteristics 
7 surYace bod 
Figure D . O 1 :  Geometry of Shock Origin  Problem. 
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First, t h e  wave s t r u c t u r e  s o l u t i o n  w i l l  be found, and the second- 
order  d i sp lacement  of  the  shocb  a t  i t s  poin t  of  format ion  w i l l  be  
ca l cu la t ed .  The geomet ry   o f   t he   ac tua l   cha rac t e r i s t i c s   ( accu ra t e  
t o  second  o rde r )  i n  the  v i c in i ty  o f  t he  po in t  o f  fo rma t ion  w i l l  
t hen  be  cons ide red  to  show how th i s  d i sp l acemen t  co r re sponds  to  
t h e  t r u e  l o c a l  b e h a v i o r .  
1. Second-order ~~ wave s t r u c t u r e   s o l u t i o n  ". ~- ~ . ~ . .  
We cons ider  the  p lanar  f low pas t  the  curved  wall descr ibed by 
(D.  01) 
(D. 02) 
(D.  0 3 )  
A shock s ta r t s  a t  (O,&) w i t h  f i n i t e  s t r e n g t h  and  obeys 
E,= 2 - d -  . (D. 04) 
The second-order  so lu t ion ,  by equat ion (3.42) i s  s e e n  t o  b e ,  
f o r  O <  Ebc 7 (and 7 c k  1 
and f o r  1 2, 
(D. OS) 
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Eva lua t ing  th i s  a long  the  pos i t i on  o f  t he  f i r s t -o rde r  shock  y i e lds  
and s i n c e  
the second-order shock displacement i s  given by (3.18) as 
Fina l ly ,  the  d isp lacement  due  to  second-order  e f fec ts  a t  t h e  
point  of  formation i s  
(D. 10) 
2. I n t e r p r e t a t i o n   i n  terms o f   l o c a l   s t r u c t u r e  
The e f f e c t  o f  s e c o n d - o r d e r  c o r r e c t i o n s  t o  t h e  c h a r a c t e r i s t i c s  
is t o  g i v e  a l o c a l  s t r u c t u r e  t o  t h e  p o i n t  a t  which a l l  the charac-  
t e r i s t i c s  from the compressive port ion of t h e  body converged accord- 
i n g   t o   t h e   f i r s t - o r d e r   t h e o r y .  The geometry  of   these  character is-  
t i c s  ( a c c u r a t e  t o  s e c o n d - o r d e r )  and the  shock wave in  the  ne ighbor -  
hood of  the  poin t  of  shock  format ion  i s  now considered.  The l e f t -  
runn ing  cha rac t e r i s t i c s  a re  g iven  in  t e rms  o f  ou r  wave s t r u c t u r e  
p e r t u r b a t i o n  p o t e n t i a l  as 
(D. 11) 
62 
I 
Since  the  f low may be  descr ibed  as a s imple wave t o  second 
o rde r ,  t he  f low de f l ec t ion  ang le  
and ,   hence ,   a l so  , a r e   c o n s t a n t   a l o n g   t h e s e   c h a r a c t e r i s t i c s .  
Applicat ion of the boundary condi t ion a t  t h e  body su r face  g ives  
whence the  equa t ion  o f  t he  cha rac t e r i s t i c s  becomes 
Thus, f o r  t h e  p a r a b o l i c  bend described by 
we have 
(D. 15) 
which may be  in t eg ra t ed  to  g ive  the  equa t ion  of the family of  char-  
a c t e r i s t i c s  
accu ra t e   t o   s econd   o rde r .   De ta i l ed   i n fo rma t ion   abou t   t he   cha rac -  
t e r i s t i c s  from only the compressive portion of the body is  essen-  
t i a l  i n  d e s c r i b i n g  t h e  e a r l y  s t a g e s  of formation of  the shock,  as 
w i l l  l a t e r  b e  s e e n .  
The shock w i l l  f i rst  be formed i n  t h e  v i c i n i t y  o f  t h e  e n v e l o p e  
’ of t h e s e   c h a r a c t e r i s t i c s .  This envelope i s  determined  by  elimin- 
a t i n g  E,, between  the  preceeding  equation and the   equat ion   ob ta ined  
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I ... . . . . . . .. . . .. 
by d i f f e r e n t i a t i n g  it wi th   r e spec t   t o   t he   pa rame te r ,  E, : 
. (D.  18) 
Thus,   the  envelope i s  pa rame t r i ca l ly   desc r ibed  by 
from which it i s  seen  to  be  the  uppe r  ha l f  o f  t he  pa rabo la  wi th  
v e r t e x  a t  ( 0,Uz) and  opening t o  t h e  l e f t  i f  t h e  f a c t o r  
(D.  20) 
i s  p o s i t i v e ,   o r   t h e   r e f l e c t i o n   a b o u t   t h e   o r i g i n   ( v e r t e x )   o f   t h a t  - 
curve i f  M is  n e g a t i v e .   I n   t h e   v i c i n i t y  of t h e   o r i g i n   o f   t h e  
shock ,  then ,  the  problem na tura l ly  d iv ides  i t se l f  in to  two cases  
depending upon the   a lgeb ra i c   s ign   o f  K . (For a i r ,  t r e a t e d  as 
a c a l o r i c a l l y   p e r f e c t   g a s ,  X =  0 when M 1 .33,  i s  nega t ive   fo r  
lower supersonic Mach numbers,  and i s  p o s i t i v e  f o r  g r e a t e r  Mach 
numbers.)  For  positive X , t he  s.hock starts wi th   zero   s t rength  
a t  .( 0, k ) - -  the  same p o i n t  a t  which t h e  f i n i t e - s t r e n g t h .  f irst-  
order  theory shock or iginated -- and b u i l d s  up t o  f u l l  s t r e n g t h  i n  
a region  of  scale O ( T  ) i n   t h e  E-? plane.   For   negat ive X , 
the  shock again starts wi th  zero  s t rength  a t  t h e  p o i n t  on the  en- 
ve lope  co r re spond ing  to  the  cha rac t e r i s t i c  from the  s teepes t  por -  
t i o n  of t he  body,  and  develops f o r  a shor t  d i s tance  (aga in  of  
O ( T )  i n  t he  E-qp lane )  w i th  d i s tu rbed  f low on bo th  s ides .  See 
f i g u r e s  D.02 and D.03. 
i n  t h e  f i r s t - o r d e r  t h e o r y ,  and the shock s tar ts  from t h a t  p o i n t  
w i t h  f i n i t e  s t r e n g t h .  S i n c e  t h e  t o t a l  l e n g t h  s c a l e  i n  t h i s  l o c a l  
development i s  shor t ,  i n  cons ide r ing  the  pa th  o f  t he  shock ,  we 
will use  s imply  the  cha rac t e r i s t i c -b i sec to r  ru l e  wi th  neg l ig ib l e  
e r r o r .  
If M =  0 , t he  enve lope  co l l apses  to  the  po in t  ( 0, YZ ) as 
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Figure D.02: Structure of Shock Origin ( X >  0 ) .  
Figure D.03: Structure of Shock Origin ( X <  0 3 
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a. Case I ,  R p  0 : 
For  the case when X i s  pos i t i ve ,   t he   shock  starts a t  ( 0 , k )  
with zero s t rength,  and i t s  pa th  is  determined as t h e  b i s e c t o r  o f  
t h e  f r e e s t r e a m  c h a r a c t e r i s t i c s  and those coming  from t h e  body f o r  
coming from t h e  body before  they can form the envelope calculated 
i n   t h e   p r e c e d i n g   s e c t i o n .  (See  Figure  D.02). We se t  up a l o c a l  
coordinate  system with or igin a t  t h e  p o i n t  ( 0, V z )  and 
0 C Eb c 1 . The shock w i l l  i n t e r c e p t   h e s e   c h a r a c t e r i s t i c s  
(D.  21) 
Then, t h e  c h a r a c t e r i s t i c s  coming  from t h e  body are  descr ibed  
by 
and the s lope of  the shock a t  eve ry  po in t  i s  determined by t h e  b i -  
s e c t o r  r u l e  
El iminat ing  f rom  this  last equat ion   us ing  (D.22) g ives  
dx 
d;l = - y -  y .  m. 
( D .  23) 
(D.  24) 
Th i s  equa t ion  canno t  eas i ly  be  so lved  in  gene ra l  due  to  i t s  non- 
l inear  na ture ,  bu t  the  unique  so lu t ion  pass ing  thyough the  or ig in  
i s  e a s i l y  v e r i f i e d  t o  b e  
"-zj ' 
3 2  (D. 25) 
The shock fol lows this  curve unt i l  the  point  where i t  i n t e r s e c t s  
t h e  c h a r a c t e r i s t i c  coming  from E b = f ,  ( i . e . ,  from t h e  i n f l e c t i o n  
p o i n t  on the  body) .  This  po in t  i s  found  to  be  
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(D. 26)  
From t h i s  p o i n t  o n ,  t h e  s h o c k  is d e t e r m i n e d  t o  s a t i s f y  t h e  a p p r o p r i -  
a t e  r e l a t ions  be tween  the  freestream c h a r a c t e r i s t i c s  and those com- 
ing  from the expansive port ion of  the body,  as i n  t h e  wave s t r u c t u r e  
s o l u t i o n .  If we ana ly t ica l ly  cont inue  th i s  shock  shape  back  to  the  
va lue  7 = pz (i .e . ,  y = 0 )  , which is t h e  o r i g i n  a c c o r d i n g  t o  first- 
o rde r  t heo ry ,  we f i n d  
x ,  = j3 
or  equ iva len t ly ,  
(D.  27) 
which i s  prec ise ly  the  d isp lacement  pred ic ted  by  the  second-order  
wave s t ructure   theory.   Thus,   the   displacement   of   the   or igin  of  
the shock predicted by the second-order  wave s t ruc tu re  theo ry  co r -  
responds to  the displacement  of  the vir tual  or igin the shock must  
have t o  a c c o u n t  f o r  t h e  l o c a l  f o r m a t i o n  p r o c e s s .  
b .  Case 11, M C  0 : 
For  the  case when X i s  nega t ive ,   t he  shock starts a t  t he  
p o i n t  on the  enve lope  o f  cha rac t e r i s t i c s  co r re spond ing  to  Eb= 4 
wi th  ze ro  s t r eng th .  The path of the  shock i s  then  determined as 
t h e  b i s e c t o r  o f  t h e  c h a r a c t e r i s t i c s  coming from the compressive 
( 0 c tb c 1 ) and expansive ( 1 < EC, < 2, ) por t ions  o f  
the   body,   respec t ive ly .  (See Figure D.03) .  The shock will again 
i n t e r c e p t  t h e  c h a r a c t e r i s t i c s  coming  from the  forward  por t ion  of  
t he  body before   the   envelope  i s  formed.  Using  the same l o c a l  co- 
ord ina te  sys tem as i n  Case I ,  the shock slope obeys 
(D. 2 8 )  
when t h e  body has been assumed straight f o r  Eg>f with no l o s s  i n  
accuracy.  Again, a g e n e r a l   s o l u t i o n   t o   t h i s   e q u a t i o n  i s  not  found, 
b u t  t h e  p a r t i c u l a r  s o l u t i o n  s a t i s f y i n g  t h e  a p p r o p r i a t e  i n i t i a l  con- 
d i t i o n s  is  
(D. 29)  
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The p o i n t  after which the shock again becomes determined by the 
freestream c h a r a c t e r i s t i c s  and those coming  from the  expans ive  por- 
t i o n  of t h e  body i s  
x =  0, 
;1= -13. 
(D. 30) 
F o r  t h i s  case, s ince  the  shock  i s  formed f o r  7' kz , we merely note 
the   va lue   o f  E: when 75kz. I t  i s  
Sh 
again corresponding to  the displacement  
the shock predicted by the second-order  
o f  t h e  v i r t u a l  
wave s t r u c t u r e  
(D. 31) 
o r i g i n  o f  
theory .  
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Appendix E 
~ Some "" Numerical . ." Comparisons 
The pr imary importance of  higher-order  asymptot ic  theories  
i s  t h e  j u s t i f i c a t i o n  t h e y  p r o v i d e  f o r  t h e  l o w e r - o r d e r  t h e o r i e s ,  
by showing t h a t  t h e y  a r e  t h e  f irst  s t e p ( s )  i n  a r a t i o n a l  approx- 
i m a t i o n  t o  t h e  s o l u t i o n  i n  some limit. S ince  the  se r i e s  t hus  
produced are not  necessar i ly  convergent ,  the  inc lus ion  of  h igher -  
order  te rms  can  worsen  numer ica l  accuracy  for  ca lcu la t ions  a t  
f i n i t e  v a l u e s  o f  t h e  a p p r o p r i a t e  small parameter -- a fac t  f o r  
which  asymptot ic   ser ies  are somewhat no tor ious .  I t  i s ,  however, 
s t i l l  a matter o f  i n t e r e s t  t o  see how the  inc lus ion  o f  such  h ighe r -  
o rde r  t e rms  a f f ec t s  numer i ca l  r e su l t s ,  and ,  fo r  t ha t  r eason  two 
such  examples  are  included  here.  The two s imples t  examples i n  - 
each,  planar  and axisymmetric flows, are  considered because (1) 
exac t  i nv i sc id  ca l cu la t ions  were r ead i ly  ava i l ab le  fo r  compar i son ,  
and (2)  on ly  the  s imples t  geometr ies  are conducive t o  s o l u t i o n  i n  
the  axisymmetr ic   case.  The shock   angles   p red ic ted   for   these   f lows  
a r e  c a l c u l a t e d  and  compared w i t h  t h e  e x a c t  i n v i s c i d  s o l u t i o n s  i n  
the  fo l lowing  sec t ions .  
E . l .  Semi - in f in i t e  Wedge (Planar   f low) 
The body shape funct ion for  a s e m i - i n f i n i t e  wedge of semi- 
angle  -r is  
(E.  01) 
Thus, i n  t h e  r e g i o n  o f  d i s t u r b e d  f l o w ,  t h e  f i r s t - o r d e r  p o t e n t i a l  
i s  
= - I  > (E. 0 2 )  
and the  shock  sepa ra t ing  th i s  r eg ion  from the undis turbed stream 
obeys 
Ea = -7/z . (E. 03) 
The second-order  po ten t ia l ,  eva lua ted  a t  t h e  f i r s t - o r d e r  
shock  loca t ion ,  I= E, , is then  
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whence 
The shock  loca t ion ,  t o  s econd  o rde r  is  thus 
(E. 04) 
(E.  OS) 
( E .  06) 
whence 
Numer ica l  va lues  fo r  t he  shock  ang le  fo r  f lows  in  a i r  ( t r ea t ed  
as a c a l o r i c a l l y   p e r f e c t   g a s   w i t h  r = 1 . 2 ,  /cc = -1.1, and 
from t h e  Ames Research Staff  (1953J i n  F i g u r e s  E .  01  and E . 0 2 .  The 
second-order  theory i s  s e e n  t o  g i v e  c o n s i d e r a b l e  improvement i n  
numerical  accuracy even for  qui te  high Mach numbers (e .g .  , Moo = 5) .  
E . 2 .  Semi - in f in i t e  Cone (Axisymmetric  flow) 
4 = 0 . 4 )  a r e  compared w i t h  r e s u l t s  of e x a c t  i n v i s c i d  c a l c u l a t i o n s  
The ca l cu la t ion  fo r  t he  cone  i s  much more complicated than the 
wedge f o r  two reasons .  First ,  a n  a d d i t i o n a l  s c a l i n g  r e g i o n  n e a r  t h e  
body  must be considered,  and t h i s  " s l e n d e r  body" s o l u t i o n  u s e d  t o  
d e t e r m i n e  t h e  l o c a l  s o l u t i o n  by  matching.  Secondly,  both  of  these 
inne r  so lu t ions  must be  de t e rmined  to  th i rd  o rde r  t o  de t e rmine  the  
t rue second-order  wave s t r u c t u r e  s o l u t i o n .  
A l l  o f  t h e  d e t a i l s  o f  t h i s  e x t r e m e l y  t e d i o u s  c a l c u l a t i o n  will 
not  be  g iven  here .  The gene ra l  na tu re  o f  t he  s l ende r  body theory  
from the viewpoint of matched asymptotic expansions may be found 
i n  Ashley  and  Landahl  (1965). No p e c u l i a r  d i f f i c u l t i e s  a r e  e n -  
c o u n t e r e d  i n  e x t e n d i n g  t h e  s o l u t i o n  t o  t h i r d  o r d e r  ( f o r  t h e  c a s e  o f  
a cone!)   beyond  a lgebraic   tedium.  Only  the  radial   der ivat ive  of  
t h e  t h i r d - o r d e r  s o l u t i o n  was ob ta ined ,  s ince  th i s  de t e rmines  the  
l o c a l  s o l u t i o n .  (The complete   solut ion i s  necessary  i f  we a r e  i n t e r -  
e s t e d  i n  p r e s s u r e s  n e a r  t h e  body.! 
For the  f low  over  a s l ende r  cone of semi-angle r , t h e  first- 
order  shock  s t rength  i s  of O ( T ~ ) ,  whence a v e l o c i t y  p o t e n t i a l  e x i s t s  
t o  t h e  r e q u i r e d  t h i r d  o r d e r  (which descr ibes  per turba t ions  of  a(+) 
i n   t he   l oca l   r eg ion .   Th i s   l oca l   so lu t ion  i s  of  the  form 
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Figure E.O1: Shock Angle on Twelve-degree  Wedge. 
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Figure E.02: Shock Angle  on  Sixteen-degree  Wedge. 
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where t h e  c o n i c a l  v a r i a b l e  
- t = (E.  09) 
has been introduced,  and p a r t i c u l a r  i n t e g r a l  t e r m s  which do not 
e n t e r  d i r e c t l y  i n t o  t h e  d e t e r m i n a t i o n  o f  t h e  wave s t r u c t u r e  s o -  
l u t ion  have  been  omi t t ed  fo r  c l a r i t y .  O f  these  omi t ted  te rms ,  
some will au tomat i ca l ly  ma tch  wi th  pa r t i cu la r  i n t eg ra l  terms i n  
t h e  wave s t r u c t u r e  s o l u t i o n ,  and t h e  o t h e r s  w i l l  be  neg l ig ib l e .  
The c o n s t a n t s  i n  t h i s  l o c a l  s o l u t i o n  are determined from the 
s l ende r  body matching t o   b e  
The l a r g e  d i s t a n c e  ( i  . e . ,  fl 1 ) behavior  of  t h e  l o c a l  so-  
l u t i o n  i s  given by 
which must match with the small-dis tance behavior  of  the wave 
s t r u c t u r e  s o l u t i o n ,  
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where, again terms which do no t  en te r  d i r ec t ly  in to  the  de t e rmina -  
t i o n  o f  t h e  unknown f u n c t i o n s  i n  t h e  wave s t ruc tu re  so lu t ion  have  
been  omitted.  The wave s t r u c t u r e  s o l u t i o n  i s  thus  determined  by 
the  cond i t ions  
where 
The f i r s t - o r d e r  shock posi t ion i s  then found t o  b e  
The one-and-one-half-order correction i s  
And the  second-order  cor rec t ion  i s  
(E.  14) 
(E .  15) 
(E.  16) 
(E.  17 )  
Thus, t h e  shock angle i s  g iven  by 
Numerical values f o r  the shock angle f o r  f l o w s  i n  a i r  are 
again compared wi th  those  f rom exac t  inv isc id  ca lcu la t ions  (Ames 
Research Staff  (1953)) ,  and a re  p re sen ted  in  F igu res  E .03  and 
E.04. 
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Figure E.03: Shock Angle on Ten-degree Cone. 
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Figure E.04: Shock Angle on Fifteen-degree Cone. 
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Note tha t ,  genera l ly ,  the  one-and-one-ha l f -order  so lu t ion  does  not  
g i v e  r e s u l t s  t h a t  are a p p r e c i a b l y  b e t t e r  t h a n  t h e  f i r s t - o r d e r  t h e o r y ,  
and we must go t o  t h e  f u l l  s e c o n d - o r d e r  t h e o r y  t o  a c h i e v e  n o t i c e a b l e  
improvement.  That  the  second-order  theory,  which is  based  upon  the 
loca l  t h i rd -o rde r  t heo ry  g ives  inc reased  accu racy  fo r  t hese  f in i t e  
values  of  body th i ckness ,  i s  probably due i n  p a r t  t o  t h e  fac t  t h a t  
t h e  t h e o r y  i s  of  second order  near  the shock.  Third-order  theories  
are o f t en  ve ry  bad  fo r  numer i ca l  ca l cu la t ions  a t  f i n i t e  v a l u e s  o f  
the asymptot ic  parameter .  
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